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Abstract 

Quantum theory of the gravitation in the causal approach is studied up to the second 
order of perturbation theory. We prove gauge invariance and renormalizability in the 
second order of perturbation theory for the pure gravity system (massless and massive). 
Then we investigate the interaction of massless gravity with matter (described by scalars 
and spinors) and massless Yang-Mills fields. We obtain a difference with respect to the 
classical field theory due to the fact that in quantum field theory one cannot enforce the 
divergenceless property on the vector potential and this spoils the divergenceless property 
of the usual energy-momentum tensor. To correct this one needs a supplementary ghost 
term in the interaction Lagrangian. 
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1 Introduction 



The general framework of perturbation theory consists in the construction of the chronological 
products such that Bogoliubov axioms are verified pQ, [5], jl], [11]; for every set of Wick 
monomials Wi(xx), . . . , W n (x n ) acting in some Fock space generated by the free fields of the 
model H one associates the operator T\y l! ...,w„( x i, ■ ■ ■ , x n)] all these expressions are in fact 
distribution-valued operators called chronological products. Sometimes it is convenient to use 
another notation: T(Wi(xi), . . . , W n (x n )). The construction of the chronological products can 
be done recursively according to Epstein-Glaser prescription (5] , [6] (which reduces the induction 
procedure to a distribution splitting of some distributions with causal support) or according to 
Stora prescription [T7] (which reduces the renormalization procedure to the process of extension 
of distributions). These products are not uniquely defined but there are some natural limitation 
on the arbitrariness. If the arbitrariness does not grow with n we have a renormalizable theory. 
An equivalent point of view uses retarded products [20] . 

Gauge theories describe particles of higher spin. Usually such theories are not renormal- 
izable. However, one can save renormalizability using ghost fields. Such theories are defined 
in a Fock space 7i with indefinite metric, generated by physical and un-physical fields (called 
ghost fields). One selects the physical states assuming the existence of an operator Q called 
gauge charge which verifies Q 2 = and such that the physical Hilbert space is by definition 
7i phys = Ker(Q)/Im(Q). The space TC is endowed with a grading (usually called ghost number) 
and by construction the gauge charge is raising the ghost number of a state. Moreover, the 
space of Wick monomials in 7i is also endowed with a grading which follows by assigning a 
ghost number to every one of the free fields generating 7i. The graded commutator o]q of the 
gauge charge with any operator A of fixed ghost number 

d Q A=[Q,A] (1.1) 

is raising the ghost number by a unit. It means that g?q is a co-chain operator in the space of 
Wick polynomials. From now on [■, ■] denotes the graded commutator. 

A gauge theory assumes also that there exists a Wick polynomial of null ghost number T(x) 
called the interaction Lagrangian such that 

[Q,T]=td,T p (1.2) 

for some other Wick polynomials T M . This relation means that the expression T leaves invariant 
the physical states, at least in the adiabatic limit. In all known models one finds out that there 
exists a chain of Wick polynomials T M , T 7 ^, T pup , . . . such that: 

[Q, T] = id^, [Q, T p ] = id u T^, [Q, T""] = id p T^, . . . (1.3) 

In all cases T pv , T^ p , . . . are completely antisymmetric in all indices; it follows that the chain 
of relation stops at the step 4 (if we work in four dimensions). We can also use a compact 
notation T 1 where J is a collection of indices / = [vi,...,u p ] (p = 0, 1, . . . , ) and the brackets 
emphasize the complete antisymmetry in these indices. All these polynomials have the same 
canonical dimension 

uiT 1 ) = u , V/ (1.4) 
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and because the ghost number of T = T is supposed null, then we also have: 

ghiT 1 ) = \I\. (1.5) 
One can write compactly the relations (II. 3p as follows: 

d Q T J = i dpT 1 ". (1.6) 
For concrete models the equations ( 11.31) can stop earlier: for instance in the case of gravity 

Now we can construct the chronological products 

T h '-^( Xll ...,*„) = T(T h ( Xl ), . . . ,T J «(x n )) 

according to the recursive procedure. We say that the theory is gauge invariant in all orders of 
the perturbation theory if the following set of identities generalizing (11.61) : 

n 

dQT h,.,In = i Y^{-l) Sl T h '-' IltM '-^ (1.7) 

1=1 dxl 

are true for all n e N and all Ii, . . . ,I n . Here we have defined 

i-i 

Sl = J2\I\j (1-8) 

i=l 

(see also [5]). In particular, the case I\ — . . . — I n — is sufficient for the gauge invariance of 
the scattering matrix, at least in the adiabatic limit. 

Such identities can be usually broken by anomalies i.e. expressions of the type A Il, "~' In which 
are quasi-local and might appear in the right-hand side of the relation (II. 7p . These expressions 
verify some consistency conditions - the so-called Wess-Zumino equations. One can use these 
equations in the attempt to eliminate the anomalies by redefining the chronological products. 
All these operations can be proved to be of cohomological nature and naturally lead to descent 
equations of the same type as (11.61) but for different ghost number and canonical dimension. 

If one can choose the chronological products such that gauge invariance is true then there is 
still some freedom left for redefining them. To be able to decide if the theory is renormalizable 
one needs the general form of such arbitrariness. Again, one can reduce the study of the 
arbitrariness to descent equations of the type as (11.61) . 

Such type of cohomology problems have been extensively studied in the more popular ap- 
proach to quantum gauge theory based on functional methods (following from some path in- 
tegration method). In this setting the co-chain operator is non-linear and makes sense only 
for classical field theories. On the contrary, in the causal approach the co-chain operator is 
linear so the cohomology problem makes sense directly in the Hilbert space of the model. For 
technical reasons one needs however a classical field theory machinery to analyze the descent 
equations more easily. 
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In this paper we want to give a general description of these methods and we will apply them 
to gravitation models. We consider the case of massless and massive gravity. 

In the next Section we remind the axioms verified by the chronological products (for simplic- 
ity we give them only for the second order of perturbation theory) and consider the particular 
case of gauge models. In Section [3] we give some general results about the structure of the 
anomalies and reduce the proof of (11.71) to descent equations. We will use a convenient geo- 
metric setting for our problem presented in j!2j . In Section H] we determine the cohomology of 
the operator cIq for gravity models. Using this cohomology and the algebraic Poincare lemma 
we can solve the descent equations in various ghost numbers in Section [5j In Section [6] we use 
these methods to prove the gauge invariance and renormalization properties of the pure gravity 
model in the second order of perturbation theory. In Section [7J we determine the interaction 
between massless gravity, matter and Yang-Mills fields; we consider here only massless Yang- 
Mills fields and we will treat the massive case elsewere. An interesting fact appears in this case 
due to the fact that, as it is well known, one cannot enforce the property 



for quantum massless fields. This means that the usual expression for the energy-momentum 
tensor T^ v will not be divergenceless in the quantum context and this spoils the gauge invariance 
property of the interaction. Fortunately one can correct this adding a new ghost term in the 
interaction Lagrangian. 

In [TS] one can find similar results for massless gravity and its interaction with a scalar field 
but the cohomological methods are not used for the proofs. 

We note that the renormalizability of quantum gravity has attracted a lot of attention and we 
mention [7J and [16]. Here we concentrate only on some technical procedures of cohomological 
nature which can be used to simplify the understanding of the lower order of perturbation 
theory. 

2 General Gauge Theories 

We give here the essential ingredients of perturbation theory. For simplicity we emphasize the 
second order of the perturbation theory. 

2.1 Bogoliubov Axioms 

Suppose that we have a Fock space H generated by some set of free fields and consider a set 
of Wick monomials Wj, j = l,...,n acting in this Hilbert space. The chronological prod- 
ucts T(Wi(xi), . . . , W n {x n )) = Tw ly .. } w„(xi, ■ ■ ■ ,x n ) n = 1,2,... are some operator-valued 
distribution acting in the Fock space and verifying a set of axioms (named Bogoliubov axioms) 
explained in detail in [12]. For the case of gravity we will concentrate in this paper on the 
second order of perturbation theory, so we give the the axioms only for the cases n = 1,2. We 
postulate the "initial condition" 
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and we give the axioms for the chronological products Ty/ 1 ^ 2 {xi ) x 2 ); for the particular case 
Wi = W 2 = T one denotes T WlW2 (xi, x 2 ) = T 2 (xi,x 2 ) and these axioms guarantee that the 
scattering matrix 

S(g) = 1+ / dxg(x)T(x) + / dx x dx 2 g(x x ) g(x 2 ) T 2 (xi,x 2 ) H (2.2) 

JR 4n </R 8n 

is Poincare covariant, unitary and causal. In general we require: 

• Skew-symmetry: 

T Wl ,w^x 1 ,x 2 ) = {-l) hh T W2:Wl (x 2 , Xl ) (2.3) 
where fi is the number of Fermi fields appearing in the Wick monomial Wi. 

• Poincare invariance: we have a natural action of the Poincare group in the space of Wick 
monomials and we impose that for all (a, A) e inSL(2, C) we have: 

U a ^T WltW2 {x 1 ,x 2 )U~ 1 A = T A . WuA . W2 (A ■ xx + a, A ■ x 2 + a); (2.4) 

Sometimes it is possible to supplement this axiom by other invariance properties: space 
and/or time inversion, charge conjugation invariance, global symmetry invariance with 
respect to some internal symmetry group, supersymmetry, etc. 

• Causality: if x\ succeeds causally x 2 (which one denotes x\ > x 2 ) then we have: 

Tw u w a (xi, x 2 ) = T Wl {x x ) T W2 (x 2 ) = W^Xi) W 2 (x 2 ); (2.5) 

• Unitarity: 

T wlw ,( Xl ,x 2 y = -T WuW2 ( Xl ,x 2 ) + W 1 (x 1 ) W 2 (x 2 ) + W 2 {x 2 ) W 1 (x 1 ). (2.6) 
It can be proved that this system of axioms can be supplemented with 
Twi,w 2 

( Xl ,x 2 )=J2 e <n,T wi>w ,( Xl ,x 2 )n> :W^ Xl ),W^x 2 ): (2.7) 

where W{ and W" are Wick submonomials of Wi such that Wi =: W(W" : and the sign e takes 
care of the permutation of the Fermi fields. This is called the Wick expansion property. 

We can also include in the induction hypothesis a limitation on the order of singularity 
of the vacuum averages of the chronological products associated to arbitrary Wick monomials 
Wi, W 2 ] explicitly: 

lu(< n,T WuW2 ( Xl ,x 2 )n >) < cj(Wi) +lu(W 2 ) -4 (2.8) 

where by u(d) we mean the order of singularity of the (numerical) distribution d and by u(W) 
we mean the canonical dimension of the Wick monomial W; in particular this means that we 
have 

T Wl ,w 2 (xi,x 2 ) = y^Jgjxj -x 2 ) W g (x u x 2 ) (2.9) 

9 
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where W g are Wick polynomials of fixed canonical dimension, t g are distributions in one variable 
with the order of singularity bounded by the power counting theorem [5]: 

uo{t g )+u{W g )<uo{W 1 )+uo{W 2 )-A (2.10) 

and the sum over g is essentially a sum over Feynman graphs. We indicate briefly the simplest 
way to obtain the chronological products [5]. We compute the commutator [Wi(xi), W^a^)] 
and we first consider only the contributions coming from three graphs; we end up with an 
expression of the form 

[Wi(a;i), W 2 (x 2 )] tiee = ^ JL . . . JLd^X! - x 2 ) W? 1 "' 1 * (x u x 2 ) + ■■■ (2.11) 

where D m (xi — x 2 ) is the Pauli-Villars causal distribution of mass m, Wj 11 '"^ (xi, x 2 ) are Wick 
polynomials and by • • • we mean similar terms for the Fermi sector where instead of D m {x\ — x 2 ) 
we have the corresponding causal function S m (x\ — x 2 ) (see [18] for the explicit expressions). 
Now one defines 

Twuwifa, x 2 ) trec = • • • ^ D ™M ~ x ^ W^(x u x 2 ) + ■ ■ ■ (2.12) 

obtained from the previous one by replacing the causal distributions by the corresponding 
Feynman propagators. A similar procedure works for loop graphs also only the procedure of 
obtaining the Feynman propagators from the corresponding causal distributions is more com- 
plicated (however, as for the tree contributions, is based on a standard procedure of distribution 
splitting). The resulting chronological products do verify all the axioms. 

Up to now, we have defined the chronological products only for Wick monomials Wi,W 2 
but we can extend the definition for Wick polynomials by linearity. 

One can modify the chronological products without destroying the basic property of causal- 
ity iff one can make 

Tw-t,wA x ~Li x V > T WliW2 (x\, x 2 ) + Ryy l7 w 2 (xi, x 2 ) (2-13) 

where R are quasi-local expressions; by a quasi-local expression we mean in this case an expres- 
sion of the form 

R Wl)W2 {xi,x 2 ) = ^2\P g (d)S(xi - x 2 )]W g (x 1 ,x 2 ) (2.14) 

9 

with P g monomials in the partial derivatives and W g are Wick polynomials. Because of the 
delta function we can consider that P g is a monomial only in the derivatives with respect to, 
say x 2 . If we want to preserve (12.81) we impose the restriction 

aleg{P g ) + u{W g ) < u(W 1 ) + u{W 2 ) - 4 (2.15) 

and some other restrictions are following from the preservation of Lorentz covariance and uni- 
tarity. 

The redefinitions of the type (12.131) are the so-called finite renormalizations. Let us note 
that in higher orders of perturbation theory this arbitrariness, described by the number of 
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independent coefficients of the polynomials P g can grow with n and in this case the theory is 
called non-renormalizable. This can happen if some of the Wick monomials Wj, j = 1, . . . ,n 
have canonical dimension greater than 4. This seems to be the case for quantum gravity. 
It is not hard to prove that any finite renormalization can be rewritten in the form 

R(x u x 2 ) = 8{xi - x 2 ) W{x x ) + ^S( Xl - x 2 ) W»( Xl ) (2.16) 

where the expression W, are Wick polynomials. But it is clear that the second term in 
the above expression is null in the adiabatic limit so we can postulate that these type of finite 
renormalizations are trivial. This means that we can admit that the finite renormalizations 
have a much simpler form, namely 

R(x 1 ,x 2 ) = 6(X)W{x 1 ) (2.17) 
where the Wick polynomial W is constrained by 

w(W) < u(Wt) + w(W 2 ) - 4. (2.18) 



2.2 Gauge Theories and Anomalies 

From now on we consider that we work in the four- dimensional Minkowski space and we have 
the Wick polynomials T 1 such that the descent equations ( 11. 6ft are true and we also have 

T'(xi) T J {x 2 ) = (-1)I 7 H J I T J {x 2 ) T 7 (xi), Vn~i 2 (2.19) 

i.e. for X\ — x 2 space-like these expressions causally commute in the graded sense. 

The equations (jl.6p are called a relative cohomology problem. The co-boundaries for this 
problem are of the type 

T 1 = dqB 1 + i d^B 1 ^. (2.20) 

In the second order of perturbation theory we construct the associated chronological prod- 
ucts 

T h ' l2 ( Xl ,x 2 ) = T T i lTl2 (xi,x 2 ). 
We will impose the graded symmetry property: 

T h ' l2 { Xl ,x 2 ) = T l2,Il (x 2 , Xx). (2.21) 

We also have 

^(T /l ' /2 ) = |/ 1 | + |/ 2 |. (2.22) 

In the case of a gauge theory the set of trivial finite renormalizations is larger; we can also 
include co-boundaries because they induce the null operator on the physical space: 

R h ' h ( Xl ,x 2 ) = d Q B h ' l2 ( Xl )+i ^ li 8{x x -x 2 ) B h ' h ^( Xl ) (2.23) 
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One can write the gauge invariance condition (jl.7p in a more compact form [12] but for 
n = 2 this will not be necessary. 

We now determine the obstructions for the gauge invariance relations (|1.7p . These relations 
are true for n — 1 according to (II. 6p . Then one can prove that in order n = 2 we must have: 

d Q T h ^=i^T h ^+i (-l)\^^T h ^ + A h ^(x u x 2 ) (2.24) 

where the expressions (xi,x 2 ) are quasi-local operators: 

d d 



A h > h ( Xl ,x 2 ) = J2 



dx p 2 l ' ' ' dx p 2 Xl ' 



W h,h;{ P i,-, Pk }^ (2.25) 



and are called anomalies. In this expression the Wick polynomials W Il ''"' In '^ pl ''"' Pk ^ are uniquely 
defined. From (I2.10p we have 
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( W hJr,{pi,.~,Pk}) < 2 uj - 3 - k (2.26) 



where we remind that ujq = ou(T); this gives a bound on k in the previous sum. It is clear that 
we have from (12.211) a similar symmetry for the anomalies: namely we have: 

A h ' h (x u x 2 ) = (-l)l 7l H /2 l A l2 ' h (x 2 ,x 1 ) (2.27) 

and we also have 

gh(A h ' h ) = \h\ + \I 2 \ + 1 (2.28) 

and 

A h,h = iff \h\ + \I 2 \ > 2 lu - 4. (2.29) 

We also have some consistency conditions verified by the anomalies. If one applies the 
operator oIq to f)2.24p one obtains the so-called Wess-Zumino consistency conditions for the 
cases n = 2: 

d Q A h ' h = -i -^A 1 ^ - i (-l)\^\^-A h ' hp . (2.30) 



dx p dx 



Let us note that we can suppose, as for the finite renormalizations ( see (12.171) ) that all 
anomalies which are total divergences are trivial because they spoil gauge invariance by terms 
which can be made as small as one wishes (in the adiabatic limit), i.e. we can take the form: 

A h ' h {x u x 2 ) = 5(x 1 - x 2 ) W Jl ' l2 (xi). (2.31) 

In the case of quantum gravity it is not necessary to postulate this relation: one can prove it if 
one makes convenient finite renormalizations! For Yang-Mills models one can prove even more: 
such type of relations can be implemented in an arbitrary order of perturbation theory. 

Suppose now that we have fixed the gauge invariance (11.71) (for n = 2) and we investigate 
the renormalizability issue i.e. we make the redefinitions 

T h,h _^ T h,i 2 + R h,i 2 (2.32) 
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where R are quasi-local expressions. As before we have 

R h ' h (x l ,x 2 ) = (-l)l 7l H /2 l R h ' h (x 2 ,x 1 ). (2.33) 

We also have 

gh(R h ' h ) = \h\ + \I 2 \ (2.34) 

and 

R 1 ^ = iff \h\ + \h\ > 2 coo - 4. (2.35) 
If we want to preserve (11.71) it is clear that the quasi- local operators R Il>l2 should also verify 

d Q R^ = i -^R h "' h - * i- l f A ^ Rh ' h " ( 2 - 36 ) 

i.e. equations of the type (12.301) . In this case we note that we have more structure; according 
to the previous discussion we can impose the structure (12.171) : 

R h ' l2 {x 1 ,x 2 ) = 5{x 1 -x 2 ) W h ' h {x Y ) (2.37) 

and we obviously have: 

gh{W h ' h ) = \h\ + \I 2 \ (2.38) 

and 

W h,i2 =o iff 1/^ + |/ 2 | > 2 uj - 4. (2.39) 

From (I2.36P we obtain after some computations that there are Wick polynomials R 1 such 
that 

W h,h = ^_^\h\\h\ R hui 2 _ ^ 2 40 ) 

Moreover, we have 

gh{R : ) = \I\ (2.41) 

and 

R 1 = iff |/| > 2 uj - 4. (2.42) 
Finally, the following descent equations are true: 

(IqR 1 = % dytf» (2.43) 

and we have obtained another relative cohomology problem similar to the one from the Intro- 
duction. 



8 



3 Wess-Zumino Consistency Conditions 

In this Section we consider a particular form of (I2.24p and (12.301) namely the case when all 
polynomials T 1 have canonical dimension ujq = 5 and T^ upa = 0. In this case f !2.29|) becomes: 

A h ' h (X) = iff \h\ + \I 2 \>Q. (3.1) 

It is convenient to define 

A _ 40,0 A n _ A[fj,),Q = /i[H-0 4 w = 4M,M 

^[/ivp];o- _ ^[/ii/p],[o-] j^iup];[<r\\ _ j^jj,vp],\o\] j^pvp]\[o\tJ\ _ ^[p,up],[aXaj] (3 2) 

where we have emphasized the antisymmetry properties with brackets. We have from (12.241) 
the following anomalous gauge equations: 

d Q T(T(x 1 ),T(x 2 )) = 
i^T(T{ Xl ),T^x 2 )) +i-^T(T{ Xl ),T^x 2 )) + A 1 {x 1 ,x 2 ) (3.3) 

d Q T(T»{x 1 ),T(x 2 )) = 
i-^nT^xx), T{x 2 )) - i JL T (T»(x 1 ),T»(x 2 )) + A${x u x 2 ) (3.4) 

d Q T(T>"(x 1 ),T(x 2 )) = 
i^T(T^( Xl ),T(x 2 )) li^Tr^),^)) +A^\x x ,x 2 ) (3.5) 

d Q T(T»(x 1 ),T»(x 2 )) = 
t ^T(T^(x 1 ),T^x 2 ))-t^T(T^x 1 ),T^(x 2 )) + A^(x 1 ,x 2 ) (3.6) 

d Q T{T^{x 1 ),T^x 2 )) = 

^t(t^(*o,t'(x 2 )) (3.7) 

d Q T(T^( Xl ),T^(x 2 )) = 
^ T ( T ^ A (^i)' TP,T (^)) + i^T{T^{ Xl )^\x 2 )) + A [ r Upa \x u x 2 ) (3.8) 
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d Q T(T^( Xl ),T(x 2 )) = -^T(T^(xO,r(x 2 )) + A [ r p] (x u x 2 ) 
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d Q T(T^{ Xl ),T°{x 2 )) = - l ^T{T^{x l )^\x 2 )) + Af up] -' CT (x 1 ,x 2 ) 



d Q T{T^( Xl ),T° x "(x 2 )) = 0. 
From (12.271) we get the following symmetry properties: 

A 1 (x lj x 2 ) = A 1 {x 2 ,x 1 ) 

and we also have: 

A^ u (x 1 ,x 2 ) = -A u ^(x 2 ,x 1 ), 
4 H;[H (x 1 ,x 2 ) = 4 H;[H (x 2 ,o; 1 ), 

and 

A^ p] ^\x 1} x 2 ) = -A [ ^ I/p] (x 2 ,x 1 ). 
The Wess-Zumino consistency conditions are in this case: 

d d 
dqA^Xt, x 2 ) = -i-^A^(xi,x 2 ) - i-Q- j jA 2 t (x 2 , £1) 

d d 
d Q A 2 l (x 1 ,x 2 ) = -2— A^ v] (xi,x 2 ) +i—A% u (x 1} x 2 ) 

d Q A^\x u x 2 ) = -i^^( Xl}X2 )-i^A^(x 1} x 2 ) 
d Q A^(x u x 2 ) = nA^(i llIa )+iA^% 1 iO 
d Q 4^ p ( Xl ,x 2 ) = -^H^^^^^HH^^j 

d Q A^\x x ,x 2 ) = -i^A [ r x] -' [p ° ] (x u x 2 ) -i^Af 1 '^ 1 ^,^); 
d Q A [ r P \x u x 2 ) =i-^A^( Xl ,x 2 y, 
d Q A [ r^(x l7 x 2 ) = i^NM^,^); 
10 



d Q A [ r ] ^ x \x u x 2 ) = i-^A^ X "\ Xl ,x 2 y, (3.25) 

d Q A [p ^ XuJ \x 1 ,x 2 ) = 0. (3.26) 

We suppose from now on that we work in a 4-dimensional Minkowski space-time and we 
have the following result: 

Theorem 3.1 One can redefine the chronological products such that 

A l (x 1 , x 2 ) =8(x 1 — x 2 ) W{xx), A^(x l7 x 2 ) — 8(x 1 - x 2 ) W^(xi) 
A [ f ] (x 1 ,x 2 ) = 5{x x -x 2 ) W^ixx), A^( Xl ,x 2 ) = -S( Xl -x 2 ) W^ v \x x ), 
A^ p (x x ,x 2 ) = 5{x x - x 2 ) W^(xi), 4 H;M (^i^2) = S(x 1 - x 2 ) W^ vp \x x ) (3.27) 

and Aj = 0, j = 6, 8, 9, 10. Moreover one has the following descent equations: 

d Q W = -i d„W^, d Q W» = i d v W [ » v \ d Q W [ ^ ] = -id p W [ ^ p \ d Q W [ ^ up] = 0. 

(3.28) 

The expressions W, and are relative co-cycles and are determined up to relative 

co-boundaries. The expression W^ up ^ is a co-cycle and it is determined up to a co-boundary. 

Proof: The symmetry properties and the Wess-Zumino equations of consistency will be 
enough to obtain the result from the statement. We will rely on some computations done in 
[12]. We will use (12.251) together with the restriction (I2.26p . Because we also have 

g h(W h ' Ir ' {pl '-' pk} ) = \h\ + \I 2 \ + 1 (3.29) 

the sum goes in fact up to k = 6. If we get rid of the top terms (i.e. corresponding to k — 5, 6) 
from the preceding sum then we are, at least for |Ji|, \I 2 \ < 2, in the case studied in [T2] . 

We divide the proof in a number of steps. 

(i) From (I2.25P we have: 

A x (x x ,x 2 ) =J2 d ^- -- d ^2 - x 1 )W 1 ifil '-'^ } (x 1 ) (3.30) 

and we have the restrictions 

uo(W^ u -> Pk} ) <7-k, gh(w} pu -^ k} ) = 1 (3.31) 
for all k — 0, . . . , 6. We perform the finite renormalization: 

T(T^(x x ),T(x 2 ))^T(T^(x 1 ),T(x 2 ))+d fl2 ---d fl6 5(x 2 - x x )U? >^~^\ Xl ) ( 3 .32) 

and it is easy to see that if we choose u^ 1 '*** 2 ''"' 1 * 6 ' = _i ^ lr " ,w ' then we obtain a new expres- 
sion (I3.30P for the anomaly A x where the sum goes only up to k = 5. (Although the monomials 
py{Miv,Atfe} w jjj k e change a fter this finite renormalization we keep the same notation.) Now 
we impose the symmetry property (I3.13P and consider only the terms with five derivatives on 
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5; it easily follows that w}" 1 '-'^ = i.e. in the expression (I3.30P for the anomaly A\ the sum 
goes only up to k = 4. Now we have the expression (3.53) from [12] and we can perform the 
succession of finite renormalizations from there. In the end the expression f)3.30p will have the 
form from the statement, 
(ii) From (12.251) we have: 

A$( Xl ,x 2 ) = J> P1 . ■■dpAx* ~ x l )W^' {pi '-' Pk} (x 1 ) (3.33) 

fc<5 

and we have the restrictions 

uj(W?' {pl '"' pk} ) <7—k, gh(W p ' {pl '-' pk} ) = 2 (3.34) 

for all k = 0, . . . , 5. We use Wess-Zumino consistency condition ( 13.171) ; if we consider only the 
terms with six derivatives on 5 we obtain that the completely symmetric part of py^ 1 '^ 2 ' - '^ 6 
is null: w^ 1 ^ 2 '---'^ — o. In this case it is easy to prove that one can write p^ 1 '^ 2 '-'^ 6 j n the 
following form: 

1 6 

w gi;n2,-.,ne = - ^ w\ plpMp ' 2, - p3, - ,p6} (3.35) 

5 3=1 

with 

_ 5 w ^i;«.,.-.w _ ^ <_> ^ (3 36 ) 

We perform the finite renormalization 

T(T^( Xl ),T(x 2 )) -^T(TM(x 1 ),T(x 2 )) + d fi3 ---d fl6 5(x 2 -x 1 ) U^***--"* ( Xl ) (3.37) 

with u^ 1 ^'^ 3 '---'^} = —i ^Hmi«j]i{^3i-jW} anc j we elirninate the contributions corresponding to 
k = 5 from (13.331) . We use again the Wess-Zumino consistency condition (13. 17ft ; if we consider 

only the terms with five derivatives on 5 we obtain that the completely symmetric part of 
w mn,~,n* is null w b*m,.,i*} = o and write . 

1 5 

w »r,H2,..,M = - ^ ^*i«]5{w,-^,---.w} ^ 3 38 ^ 

4 3=2 

with 

^[w^hW^} = 1 w™,..,M5 _ ( ^ (3 39) 

5 

Now we consider the finite renormalization 

T(T^( Xl ),T(x 2 )) ^T{T^\x l ),T{x 2 ))+d pi d p2 d P3 8(x 2 -x l ) U [pvUpuWi} {x,) (3.40) 

with U [puUlp2p3 = i W^ mp2pa and we get a new expressions fl3~33|) for which W? 1 '^ 2 '-'^ = 0, 
i.e. the summation in (13.331) goes only up to k = 4. As a result we have the expression (3.57) 
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from [12] and we can perform the succession of finite renormalizations from there. In the end 
the expression (I3.33P will have the form from the statement. 

It is easy to prove that the Wess-Zumino equation (13.171) is now equivalent to: 

d Q W 1 = -i d^Wf. (3.41) 

(iii) From f!2.25j) we have: 

A [ r ] ( Xl ,x 2 ) = . ■.d p J{x 2 -x l )W^ Upl - Pk \x 1 ) (3.42) 

k<4 

and we have the restrictions 

w (W-jH;{pWk}) < 7 _ fc) gh ( W [H;{Pi,~,P k }^ = 3 (3 43) 

for all k = 0, . . . , 4. 

We perform the finite renormalization 

T(TW( Xl ),T?(x 2 )) -> T(TW( Xl ),T>(x 2 )) + d ai d a2 d aa S(x 2 - Xl ) U^ {nam \ Xl ) (3.44) 

with jj^' pl '^ p2p:ip ^ — 1 ^HH>{pi>-,P4} an( ^ we e }j m j na t e the contributions corresponding to A; = 4 
from (13.421) . Now we consider the finite renormalization 

T(T^( Xl ),T"(x 2 )) -> T(T^(xi), T p (x 2 )) + a CTi a CT2 5(x 2 - x x ) ^"^(xi) (3.45) 

with [/] H;pli{p2p3} = i W^ Uplp2p3} and we get a new expressions (15^211 with k < 2. As a 
result we have the expression (3.67) from [12] and we can perform the succession of finite 
renormalizations from there. In the end the expression (I3.42[) will have the form from the 
statement. 

(iv) From (I2.25P we have: 

A^( Xl ,x 2 ) = J2 dp i- -'9 Pk 6(x2 - x l )Wr [pl - Pk \xi) (3-46) 

fc<4 

and we have the restrictions 

uj(Wr ;{pl '"" Pk} ) <7-k, gh(W£ >v ' {n '"" f " ,} ) = 3 (3.47) 

for aU k = 0, . . . , 4. 

We will have to consider the (anti) symmetry (13. 14[) . From the terms with four derivatives 
on delta we obtain that yy p ' u ^ pl ' - ' p ^ j s antisymmetric in the first two indices i.e. we have the 

writing wt Vi{pi "" ,PA} = 

Next we consider the Wess-Zumino consistency condition (I3.18p . From the terms with five 
derivatives on delta we obtain 

S V , P1 ,..., P4 wt Wl '-' P4} = (3.48) 
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where S denotes symmetrization in the corresponding indices. We note now that in the finite 
renormalization (13.441) we have used only the expression jj^ J/u ^ pi > p2P3P4 ^ i. e . we still can use 
jj{tiv],pi,P2p3p4 w j^] 1 jj^ v h{pi>P2p3p4} = q i s no t so complicated to prove (using the preceding 
relation) that the choice: V f^ p ^ = c ( W kw{"i»i*i*} + 1 w pMpu-,p^ ig possible j e it 
verifies the preceding relation; moreover if we take c = || we get a new expression (13.461) for 
which k < 3. We use again the (anti) symmetry property (13.1 4ft ; from the terms with three 
derivatives on 5 we obtain: 

pyM;^;{piP2P3> _ p^;M;{piP2P3} /g 

i.e. we have the writing ]y^' u ^ plP2p ^ — ^W^ww} _ consider again the Wess-Zumino 
consistency condition (j3.18P ; from the terms with four derivatives on 5 we obtain: 

S m3 wt UpiP2P3} = 0. (3.50) 

As before we note now that in the finite renormalization (13.451) we have used only the expres- 
sion U^ ];{pr ' p2p3} i.e. we still can use uf v] '' pr ' p2p3 with U^ v];{pv ' p2p3} = 0. A possible choice is: 



U [ » v] '' pr ' p2pz = c (wf' pl ' {l/p2p3} + | w^ u ' {plp2p3} ); moreover if we take c = § we get a new ex- 
pression (I3.46P for which k < 3. As a result we have the expression (3.71) from [12] and we can 
perform the succession of finite renormalizations from there. In the end the expression ( 13.421) 
will have the form from the statement. The Wess-Zumino equation ( 13.181) is equivalent to: 

Wf u = -iyj H . (3.51) 

(v) From (12. 25[) we have: 

A [ r p] ( Xl , x 2 ) = J2 d °r ■ ■ ■ d ^ x * - xiW^'^'-'^ix!) (3.52) 

fc<3 

and we have the restrictions 

W ^N;M) <7 — k, gh(W^ up];{ai '-' ak} ) = 4 (3.53) 

for all k = 0, . . . , 3. We perform the finite renormalization 

T(r^(x 1 ),r CT (x 2 ))^r(T^](x 1 ),T CT (x 2 )) + 9 Al 9 A2 5(x 2 -x 1 ) l7 8 Mw{AlAa} (zi) (3.54) 

with ]j[ pu d< a '{ XlX2 } = —i wlP u p]<{ aX i x 2} anc i we eliminate the contributions corresponding to 
k = 3 from (13.521) . Now we consider the finite renormalization 

T{T^ p \x 1 ),T°{x 2 ))^T{T^ p \x 1 ),T°{x 2 ))+d x 5{x 2 -x 1 ) l/f^fa) (3.55) 

with U$ P >L = —i w^d'^^ a nd we get a new expressions f!3.52j) with k < 1. Finally we 
consider the finite renormalization 

T{T^(x 1 ),T r (x 2 )) - T(T^ p \ Xl ),T°(x 2 )) + 5(x 2 - Xl ) U [ ^ p] ' a {x x ) (3.56) 
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with = —i W^ u a and we get the expression for Aj from the statement, 

(vi) From f!2.25|) we have: 

A [ r ] '' p (xx,x 2 ) = . ■ -daAxi -xjwt^'^Hxx) (3.57) 

fc<3 

and we have the restrictions 

cu(^J H;p;{<Tl '-' <Tfc} ) <7-k, gh (wi H;p;{ai '-' ak} ) = 4 (3.58) 

We consider the Wess-Zumino consistency conditions ( I3.19p . From the terms with four 
derivatives on delta we obtain: 

*W 2 .a W^ Wia2(73} = 0. (3.59) 
This equation can be solved explicitly: if we denote: 

we have: 

Wt hpi{aia2CT3} = S ai<T2(T3 wt ,] ^ nh{n ' Ta} (3-61) 

and we can make in (13371) ^ 5 Mot{cti<T2<T3} -> ^];[p<n];{<W 

From the Wess-Zumino consistency conditions (13.201) we consider again the terms with four 
derivatives on delta and we obtain after some computations: 

It is convenient to split ^ Hl[pffl,;{ff2ff3} as follows 

^[H;[pCT];{A 1 A 2 } _ ^JH;[H;{AlA 2 } _|_ ^yl^u];[pa];{X 1 X2} (g gg) 

where 

^H;[p°"];{ A i A 2} _ 1 (^H;[H;{ A i A 2> _|_ £ ^M;[H;{AiA 2 }) (3 64) 
We now make the finite renormalization 

T(TM( Xi ),TM(x 2 )) - T(tM( Xi ),tW(x 2 )) + d Xl d X2 5( Xl - x 2 ) uf^'^Hxi) (3.65) 

with u^'^'^ 1 ^} — 1 p|nH>[H>{AiA 2 } suc j 1 ^hat a jj S y mme try properties of the chronological 

products are preserved. As a result we get a new expression (13371) with: ^H;[H;{AiA 2 } _^ 
^[H;[H;{AiA 2 } __ p0H;[H;{AiA 2 }. 
5,— _____ 
The Wess-Zumino consistency conditions ( I3.20p with four derivatives on delta from above 

reduces to: 

«W 2 <r 3 ^ wl;K];{ff2ff3} = 0. (3.66) 
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We note that we still can use the finite renormalization (I3.54p if we require: 

<W 2 U [ 8 ^ p] ' a;{Xl ' X2} = (3.67) 

i.e. such that we do not spoil the form of Aj from the statement. One can write a generic 
form for such an expression jj^ lup ^ a '^ Xl ' X2 ^ m terms of W^^ pcr ^'^ XlX2 ^ . There are five possible 
combinations meeting the symmetry properties: 

+C3 W^ ui ^ ua ' 2 ^ pa3 ^ + C4 W^ U2 ^ uu '^' ,SlPai ^ + C5 W^ p ^ aia2 ^ va ' A ^) (3.68) 

where we apply the corresponding (anti -)symmetrization operators. It comes after some work 
that one can fix the coefficients such that we get a new expression (13. 57j) for which k < 2; we 
have found the possible values c\ = 3i, c 2 = i, C3 = 0, C4 = 2i, C5 = 0. 

We consider again the Wess-Zumino consistency conditions (13.1 9ft : from the terms with 
three derivatives on delta we obtain: 

«W 2 W [ 5 H ' p ' Wia2} = 0. (3.69) 

This equation can also be solved explicitly: if we denote: 



r\jxv];\fxri];{o-2(T3} _ 1 u/[H;p;{°"i ct 2} 

we have: 



Wr^' M2 ^ = - wr Up ' {aia2i - (p <-> a,) (3.70) 
3 



w M;r,{w} = s ^ wf hlf " Tl] '' a2 (3.71) 



and we can make in f[3~57D wJ H;p;{cti<72} -> tfHH;[^i];W 



From the Wess-Zumino consistency conditions (I3.20p we consider the terms with three 
derivatives on 5 and we obtain: 



' per i<T2 



It is convenient to split W$ as before 

yy\pu];[pa];\ _ yy[fj,v];[pa];>, yy\pv];{pa];\ (3 73) 

where 

^H;[p<x];A = 1 ^[pu];[pa];X + £ ^[pa];[^);Xy ^ ? ^ 

We now make the finite renormalization 

T{T^{x 1 ),T^{x 2 ))^T{T^\x 1 ),T^\x 2 )) + d x 5{x 1 -x 2 ) U [ ^ pa] '' X (3.75) 

with [/^'^' x = i j^jHlH^ guc ] 1 a jj S y mme try properties of the chronological products 

are preserved. As a result we get a new expression ( 13.571) with: ' X — > pyj^'^'^ = 
j/{/[H;[H;\ 
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The Wess-Zumino consistency conditions (13.201) with three derivatives on 5 from above 
reduces to: 

<W 2 Wt p] ' ,[vai] '' a2 = 0. (3.76) 
We note that we still can use the finite renormalization (I3.55j) if we require: 

such that we do not spoil the form of A? from the statement. One can write a generic form for 
such an expression if^ ivp ^ a ^ an d the possible combinations meeting the symmetry properties 
are: 

jj^pWx) = A ^ A ^ (ci w M;[w];\ + C2 jpM^AhP) (3.78) 

where we apply the corresponding antisymmetrization operators. If we take c\ — c 2 = y 
we get a new expression (I3.57P for which k < 1. As a result we have the expression (3.77) from 
[T2] and we can perform the succession of finite renormalizations from there. In the end the 
expression (I3.57P will have the form from the statement. 
The Wess-Zumino equation ( 13.191) becomes equivalent to 

d Q wt u] = -i d p w\ pvp] 

w\ pv] ' p = w\ pvp] . (3.79) 

The Wess-Zumino consistency conditions (I3.20p is equivalent to 

d Q wr = * d p w\ pvp] (3.80) 

which follows from the preceding relation if we remember the connection between and 
W p,l/ obtained at (iv). 

(vii) From (12.251) we have: 

A [ r p] ^( Xl ,x 2 ) = $> Al . ■■dxAx* - x l )wt p]]a]{Xl - Xk} (x 1 ) (3.81) 

k<2 

and we have the restrictions 

^(wJ^ 1;CT;{Al -"' Afc} ) <7 — k, gh(W$ u,p] ' tr ' {Xl '-'* h} ) = 5 (3.82) 

for all k = 0,1,2. 

We consider the Wess-Zumino consistency condition (13. 23[) . From the terms with three 
derivatives on 5 we obtain 

<W 2 wl pPpU ' [XlX2} = 0. (3.83) 
This equation can be solved explicitly: if we denote: 

Wt vpUaXl] ' X2 = - wl pup] ' a]{Xl] ' X2} - (a <-> Ai) (3.84) 
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we have: 

Wl^-AM-M} = ^ P ];kA 1 ];A 2 (3 g5) 

and we can make in pi W ^p>;{^} ^ w^ p] > [aXl];X2 . 
We make the finite renormalization 

T(T^ up] (x 1 ),T [aX] (x 2 )) -> T(T [ ^ p] (x 1 ),T [aX] (x 2 )) + d a 5(x 1 - x 2 ) U^ vp] ^' a {x 1 ) (3.86) 

with u^P^i^} = _ % jyM;-];{AiA 2 } and we get a new expresgion (ICTD with fc < 1. 

We consider again the Wess-Zumino consistency condition (13.231) ; from the terms with two 
derivatives on 5 we obtain: 

w [»up];cr,\ = _ ((T ^ A) (3 g7) 

i.e. we have the writing wf p] '' r ' X = W [ 8 puph[aX] . 
We now make the finite renormalization 

T(T^ up \x 1 ),T^ x \x 2 )) -> T{T^ vp \x l ),T^ x \x 2 )) + 5{x x - x 2 ) U^ vp]AaX \x x ) (3.88) 

with U^d'^^ = —i \yjJ- lu P}^ aX } we g e ^ a new expression 

A [ r^( Xl ,x 2 ) = 8{x x - x 2 )w\^{x 1 ). (3.89) 
But the Wess-Zumino consistency condition (I3.23P is in this case equivalent to 

d Q w\ pup] = 

= (3.90) 

so we have in fact: 

A [ r^( Xl ,x 2 ) = 0. (3.91) 

(viii) From (I2.25P we have: 

A [ r ]Apa \x 1 ,x 2 ) = 9m ■ ■ ■ d, k 5{x 2 - xOwJ^'^'^-^CxO (3.92) 

k<2 

and we have the restrictions 

^[H;[H;{Ai,..,A fe }) < 7 _ fe ^ ( ^[H;M;{Ai,..,A fc}) = 5> (3 Q3) 

From the symmetry property ( 13. 151) we consider the terms with two derivatives on the S 
function and obtain: 

yy\pu];[pa];{\i\ 2 } _ y^-Jpcr];[H;{AiA 2 } ^ 

Now the Wess-Zumino consistency condition (13.211) gives: 

<W 2 W^ Upa] ' {XlX2} = 0. (3.95) 
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We observe that in the renormalization (13.861) we have used only the piece S\ a Ug a 
so we still can use We make the following ansatz for u^ LVp ^ aX > a 

+c 3 p^[ AlA2 l ; ^' , ] ; ^ <T J' 4- c 4 W^'^'^ XlX2 ^) (3.96) 

which is compatible with the symmetry properties. A long computation shows that one can 
fix these coefficients such that the renormalization (13.861) leaves the expression A s unchanged 
but the expression ()3.92p gets modified: we have the restriction k < 1. Now from the symmetry 
property (13.151) with one derivatives on the 5 function we obtain: 

and from the Wess-Zumino equation (13.211) : 

^ H;[H;A = -{a <-> A). (3.98) 

If we combine these two equations we arrive at the conclusion that Vi/g A " y ''' pcr ' ,A is completely 
antisymmetric in all indices so it must be null (because we are in 4 dimensions). As a conse- 
quence 

4 H;[H (^i - x 2 ) = S{xt - x 2 ) Wt ] ' ,[p(7] {xi)- (3.99) 
Now the Wess-Zumino equation (13.211) is equivalent to 

wt u] ' [pa] = a (3.100) 

so in fact: 

4 H;[H = 0. (3.101) 

(ix) From f!2.25|) we have: 

A^ X \x u x 2 ) = S(x 2 - x x ) wt I/p] ' [aX] (x 1 ) + dj(x 2 - x x )w)r p] * rX] * > (x 1 ) (3.102) 
and we have the restrictions 

u(W^ upUaX] ) < 7 u(W^ up] '' [aX]; ") < 6 gh{W^ up] ' [aX] ) = (wf* [ *) = 6. (3.103) 
Now the Wess-Zumino consistency condition (13.241) gives: 

^^-(Ahw) (3.104) 
so we can write y/^^^^^ = y^\p- u P\^ aXu \ ^y e p er f orm the finite renormalization 

T(T^(x!),T^ Xu3 \x 2 )) -> T(T^ p \x 1 ),T^ Xu) \x 2 ))+5(x 2 -x 1 ) L/^^fci) (3.105) 
with u^ ,p ^ (7X ^ — i yj/^HJo-'M \ s a consequence the formula ( 13.1021) becomes 

A [ f pUaX] ( Xl - x 2 ) = 5{ Xl - x 2 ) wl pvp]iaX \ Xl ). (3.106) 
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Now the Wess-Zumino equation (13.241) is equivalent to 
so in fact: 

A [^p];[aX] = Q (3 10g) 

(x) From (I2.25P we have: 

47*^(21, x 2 ) = S(x 2 - xi) ^ p];[<TA " 1 (x 1 )iy i [ r ];[<TA " 1 (x 1 ) (3.109) 
and we have the restrictions 

w (^p];[*M) < 7 ^(wj*^ 1 ) = 7. (3.110) 

The Wess-Zumino equation (I3.25P is equivalent to Vl'io = so in fact 

A^ p] '' [<TXtj] (x 1 ,x 2 ) = 0. (3.111) 

(xi) Finally we observe that we can make some redefinitions of the chronological products 
without changing the structure of the anomalies. Indeed we have 

T(T(x 1 ),T(x 2 )) -> r(T(xi), T(x 2 )) + - ar a ) B( Xl ) (3.112) 

which makes 

W^W + d Q B (3.113) 

and 

T{T^ Xl ), T{x 2 )) - T(T»{ Xl ), T{x 2 )) + - x 2 ) B»{x x ) (3.114) 

which makes 

W + i d^B", W<* + d Q B ti . (3.115) 
We also observe that we can consider the finite renormalizations 

T(T^( Xl ),T(x 2 )) - T(r[H( Xl ) )T (x 2 )) + <5(x 2 - x x ) uf ] M (3.116) 

and 

T^On),!^)) -> T{T"(x 1 ),T v (x 2 )) + S{x 2 -x 1 ) U [ r\ Xl ) (3.117) 

with 

and they produce the redefinitions 

^W + i d v B^\ W [ ^ v] -»■ + d Qj B [H . (3.119) 
Finally we have the finite renormalizations 

T(T^\x 1 ),TP(x 2 ))^T(T^(x 1 ),T^x 2 ))+5(x 2 -x 1 ) U^ p {x x ) (3.120) 
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and 

T(T^ p \x 1 ),T(x 2 ))^T(T^ p \x 1 ),T(x 2 )) + 5{x 2 -x 1 ) U^ 1/p] (x 1 ) (3.121) 

with 

[/| H;p = uY up] = B [pup] (3.122) 

and they produce the redefinitions 

V^IH _^ py[H + j d p B [pup \ W [lMUp] -> W M + d Q B [lMUp] . (3.123) 

All these redefinitions do not modify the form of the anomalies from the statement and we 
have obtained the last assertion of the theorem. ■ 

As we can see one can simplify considerably the form of the anomalies in the second order 
of the perturbation theory if one makes convenient redefinitions of the chronological products. 
Moreover, the result is of purely cohomological nature i.e. we did not use the explicit form 
of the expressions T, T 71 , yH^N. The main difficulty of the proof is to find a convenient 
way of using Wess-Zumino equations, the (anti) symmetry properties and a succession of finite 
renormalizations. It will be a remarkable fact to extend the preceding result for arbitrary order 
of the perturbation theory. 

We have proved that renormalization of gauge theories leads to some descent equations. We 
have the expressions T 1 and R 1 (with ghost numbers ghiT 1 ) = gh^R 1 ) = \I\ and canonical 
dimension < 5 and < 6 respectively) for the interaction Lagrangian and the finite renormaliza- 
tions compatible with gauge invariance; we also have the expressions W 1 (with ghost numbers 
ghiW 1 ) = \I\ + 1 and canonical dimension < 7) for the anomalies. In the next Sections we give 
the most simplest way to solve in general such type of problems. 



4 The Cohomology of the Gauge Charge Operator 

We consider the vector space Tt of Fock type generated (in the sense of Borchers theorem) by 
the symmetric tensor field h pu (with Bose statistics) and the vector fields u p , if (with Fermi 
statistics). The Fermi fields are usually called ghost fields. We suppose that all these (quantum) 
fields are of null mass. Let Q be the vacuum state in 7i. In this vector space we can define 
a sesquilinear form < •, • > in the following way: the (non-zero) 2-point functions are by 
definition: 

< n, VWMW« >= -\ (>w + >w v - v v> c4 +) <*. - *,), 

< Q,u fl (xi)u u (x 2 )Q >= i i]^ D^ + \x 1 -x 2 ), 
< Q,,u IJ ,{x 1 )u v {x 2 )Q, >= -i r]^ D { Q r \x l -x 2 ) (4.1) 

and the n-point functions are generated according to Wick theorem. Here 77^ is the Minkowski 
metrics (with diagonal 1, —1, —1, —1) and is the positive frequency part of the Pauli-Villars 
distribution D of null mass. To extend the sesquilinear form to 7i we define the conjugation 
by 

h tu = V> u l = u pi u l = -«<t- ( 4 - 2 ) 
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Now we can define in Ji the operator Q according to the following formulas: 



[Q, hfj, u ] = -- {dpUv + dvUft, - r]^d p u p ), [Q, u h 



[Q,Uf. 



i d v h 



Qtt = 



(4.3) 



where by [-, ■] we mean the graded commutator. One can prove that Q is well defined. Indeed, 
we have the causal commutation relations 



[V/^l), h /xrM] = (Vpp Vua + Vup Vpa ~ Vpu Vpa) Dgfa ~ X 2 ) ' I, 

[u(xi), u(x 2 )) = i r)^ D (x 1 -x 2 ) ■ 1 



(4.4) 



and the other commutators are null. The operator Q should leave invariant these relations, in 
particular 

[Q, [h[Mu(xi), u a (x2)}} + cyclic permutations = (4.5) 

which is true according to (14.31) . It is useful to introduce a grading in TC as follows: every state 
which is generated by an even (odd) number of ghost fields and an arbitrary number of vector 
fields is even (resp. odd). We denote by |/| the ghost number of the state /. We notice that 
the operator Q raises the ghost number of a state (of fixed ghost number) by an unit. The 
usefullness of this construction follows from: 

Theorem 4.1 The operator Q verifies Q 2 = 0. The factor space Ker(Q) / Ran(Q) is isomor- 
phic to the Fock space of particles of zero mass and helicity 2 (gravitons). 

Proof: (i) The fact that Q squares to zero follows easily from (14. 3ft : the operator Q 2 = 
commutes with all field operators and gives zero when acting on the vacuum. 

(ii) The generic form of a state \I/ G TiP^ C H from the one-particle Hilbert subspace is 



U u (x)h^(x)+ / gM(x)u»(x)+ / gj?{x)u»(x) 



n 



(4.6) 



with test functions gjp,gjp verifying the wave equation equation; we can also suppose that 
ffj, u is symmetric. The condition \1> G Ker(Q) -<=>- Q^f = 0; leads to d v f^ u = | d^f (where 

/ — V^fpu is the trace of f^ v and gjp = i.e. the generic element \I/ G fl Ker(Q) is 



f, v {x)h^{x) + / g»{x)u»{x) 



n 



(4.7) 



with g^ arbitrary and f^ u constrained by the transversality condition d v f^ u = | d^f; so the 
elements of Ti.^ fl Ker(Q) are in one-one correspondence with couples of test functions [f^, g p ] 
with the transversality condition on the first entry. Now, a generic element ty' G nRan(Q) 
has the form 



~\ J{dp9' u + d^){x)h^[ 



[x)u(x) 



n 



(4- 
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with g' = T] tMV g' fJV so if * E H w H Ker(Q) is indexed by the couple [J^,^] then * + 
is indexed by the couple - ± + d v g'^),g^ + (9"^ - \ d^g')] . If we take g'^ conve- 

niently we can make g^ = and if we take convenient we can make / = 0; in this case 
the transversality condition becomes d v f^ v = 0. It follows that the equivalence classes from 
n Ker{Q))/{H {l) n Ran(Q)) are indexed by wave functions f^ v verifying the conditions 
of transversality and tracelessness d u f^ u = 0, / = 0. We still have the freedom to change 
fiw -> //w/ - I (<9 M s£ + with = without affecting the properties 9"/^ = 0, / = 0. 

It remains to prove that the sesquilinear form < -, • > induces a positively defined form on 
(7V 1 ) fl Ker(Q)) / '{TiS 1 ' fl Ran(Q)) and we have obtained the usual one-particle Hilbert space 
for the graviton (i.e. a particle of zero mass and helicity 2). 

(iii) The extension of this argument to the nth-particle space is done as in [12] using Kiinneth 
formula |2J. ■ 

We see that the condition [Q, T\ = i d^T^ means that the expression T leaves invariant the 
physical Hilbert space (at least in the adiabatic limit). 

Now we have the physical justification for solving another cohomology problem namely to 
determine the cohomology of the operator dq = [Q, •] induced by Q in the space of Wick 
polynomials. To solve this problem it is convenient to use the same geometric formalism [8] 
used in [12] . We consider that the (classical) fields are hfj, v ,Up,u a of null mass and we consider 
the set V of polynomials in these fields and their formal derivatives (in the sense of jet bundle 
theory). The formal derivatives operators dp are given by 

(4.9) 

where y A are the basic variables y a = (h^, u p ,u a ) and the jet bundle coordinates (see 

[T2] for details). We note that on V we have a natural grading. We introduce by convenience 
the notation: 

Bp = d v hp V (4.10) 
and define the graded derivation dq on V according to 

i 

dqh^u = -- (dpU u + d v u^ - rj^ d p u p ), d Q Up = 0, d Q Up = i Bp 

[d Q ,d tl ]=0. (4.11) 

Then one can easily prove that dq = and the cohomology of this operator is isomorphic to 
the cohomology of the preceding operator (denoted also by dq) and acting in the space of Wick 
polynomials. The operator dq raises the grading and the canonical dimension by an unit. To 
determine the cohomology of dq it is convenient to introduce some notations: first 

h^rj^hf^ hftv ee Ufa, - ]- T]^ h (4-12) 
and the we define the Christoffel symbols according to: 

^/j,;up = dph^p -\- d u h^p dph V p. (4.13) 
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We observe that 

dcpp-vp = -i d u d p Up. (4.14) 
and we can express the first order derivatives through the Christoffel symbols 

dphfw = - {Tp-vp + r„ ;w ,). (4.15) 

The expression 

Rpu ;P <T = dpT^v - (p <-> a) (4.16) 
is called the Riemann tensor, we can easily prove 

Rp,u;pcr Rv{i;pa Rfiv;crp Rpa;fivi 

dQRpu-pa = 0, 
Rfii/;pa Rp,p\vo Rpa\vp 0j 

d\Rfj,u;pcT + dpR^a-x + do-R^xp = (4-17) 

the last two relations are called Bianchi identities. 

Next we consider, as in the case of the Yang-Mills fields, more convenient variables: (i) 
first one can expresses the derivatives of the Christoffel symbols in terms of the completely 
symmetric derivatives 

^ p;pi,...,p„ — Spi,...,p„ (dp 3 ...d Pn ^p,-,p 1 p 2 ) (4-18) 
and derivatives of the Riemann tensor; (ii) next, one expresses the variables r p;Pl i iPn in 
terms of the expressions Tp°) pi> ... t p n (which is, by definition, the traceless part in pi, . . . , p n ) and 
Bp- Pl) ..^p n _ 2 ] (iii) finally one expresses the derivatives of the Riemann tensor d\ 1 . . .d\ n Rp, u . pa 

in terms of the traceless part in all indices Al An and S (U;plj ... )Pn+1 . 

We will use the Kiinneth theorem: 

Theorem 4.2 Let V be a graded space of polynomials and d an operator verifying d 2 = and 
raising the grading by an unit. Let us suppose that V is generated by two subspaces Pi, 7^2 such 
that V\ H V2 = {0} and dVj C Vj,j = 1,2. We define by dj the restriction of d to Vj. Then 
there exists the canonical isomorphism H(d) = H(d\) x H(d 2 ) of the associated cohomology 
spaces. 

(see j2]). Now we can give a generic description for the co-cycles of o?q; we denote by Zq and 
Bq the co-cycles and the co-boundaries of this operator. First we define 

Up U = «[H = ^ [dpU v - d v Up) 

M W = 2 ( d » Uv + ( 4 - 19 ) 

such that we have: 

dpUy = + it{ pj/ }. (4.20) 

Now we have: 
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Theorem 4.3 Letp e Zq. Thenp is cohomologous to a polynomial in u^u^ and R^. fKT .\ 1 \ n - 

Proof: (i) The idea is to define conveniently two subspaces V\, V 2 and apply Kiinneth theorem. 
We will take V\ = Vq from the statement and P 2 the subspace generated by the variables 

B KVl ,...,u n (n > 0), r { °l u ..., Un (n > 2), u KVl ,... tVn (n > 0), u^ Vl ^ Vn (n > 2),u {fiu} and h^. We 
have oIqVi = {0} and 

d Q u {tl]u} = 0, d Q u KVlr „ tVn = (n > 2) 
^r;»,...,,„ = -i u,, vl ,..., Vn (n > 2) 
d Q u^ u ...,u n = i B^,...,v n (n > 0) 

'loH,,:,, r, = (n > 0) 

dQh,„, = -i u {liu} (4.21) 
so we meet the conditions of Kiinneth theorem. Let us define in P 2 the graded derivation f) by: 

hB^.., Vn = -i u KVl ,..., Vn (n > 0) (4.22) 

and zero on the other variables from Vi- It is easy to prove that I) is well defined: the condition 
of tracelessness is essential to avoid conflict with the equations of motion. Then one can prove 
that 

[d Q M = Id (4.23) 

on polynomials of degree one in the fields and because the left hand side is a derivation operator 
we have 

[d , fj] = n ■ Id (4.24) 

on polynomials of degree n in the fields. It means that h is a homotopy for <1q restricted to V2 
so the the corresponding cohomology is trivial: indeed, if p G V2 is a co-cycle of degree n in 
the fields then it is a co-boundary p = -dgfjp. 

According to Kiinneth formula if p is an arbitrary co cycle from V it can be replaced by a 
cohomologous polynomial from Vo and this proves the theorem. ■ 

Remark 4.4 There is an important difference with respect to the Yang-Mills case, namely the 
space Vo is not isomorphic to the cohomology group Hq and this follows from the fact that 
Vo H Bq 7^ 0. We provide an example of an expression belonging to this intersection. We start 
with the expression 

B ^paX _ u » u v u p u a U X. ( 425 ) 

because of the complete antisymmetry we have in fact 
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On the other hand we have 

dxB ^p^ = p ^P" + d Q (---) (4.27) 

where 



p» vp ° = U\ (u" u v u p u aX 
so we have p pvpa eV n B Q . 



u u u p u a + u p u a u p u uX + u a u p u u u px ) (4.28) 



We repeat the whole argument for the case of massive graviton i.e. particles of spin 1 and 
positive mass. 

We consider a vector space H of Fock type generated (in the sense of Borchers theorem) by 
the tensor field hp U , the vector field Vp (with Bose statistics) and the vector fields Up,Up (with 
Fermi statistics). We suppose that all these (quantum) fields are of mass m > 0. In this vector 
space we can define a sesquilinear form < •, • > in the following way: the (non-zero) 2-point 
functions are by definition: 

< tt, hp l/ (x 1 )h pa (x 2 )Q >= ~- (Vp,p Vua + Vup Vp* ~ Vpu V p <j) DMfa - x 2 ), 

< Q,Up(x 1 )u v (x 2 )Q >= -i r}»v D m\ x i -x 2 ), 

< n,v^ Xl )v^x 2 )n >=it] tH/ D { ^\x 1 -x 2 ) (4.29) 

and the n-point functions are generated according to Wick theorem. Here Dffl is the positive 
frequency part of the Pauli-Villars distribution D m of mass m. To extend the sesquilinear form 
to Tt we define the conjugation by 

h U = u l = u p> = -u a , vl = Vp. (4.30) 

Now we can define in TC the operator Q according to the following formulas: 

[Q, h^} = -- (dpU v + d v Up - r)p V d p u p ), 
[Q, Up] = 0, [Q, Hp] = i [d v hp V + mvp), 



[Q,v 



i m 



p\ ~ 2 Upj 

QVL = 0. (4.31) 

One can prove that Q is well defined. Indeed, we have the causal commutation relations 

i 

[h^xx), h pa (x 2 )] = -- [jipp r) va + rj vp rjptj - r]p V r) pa ) D m ( Xl - x 2 ) ■ I, 

[u(xi), u(x 2 )] = i i]p U D m ( Xl -x 2 ) ■ I 
[vp{x 1 )vp{x 2 )\ = i r]p U D m ( Xl -x 2 ) ■ I (4.32) 
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and the other commutators are null. The operator Q should leave invariant these relations, in 
particular 



[Q, [hfj, v (xi),u a (x2)]\ + cyclic permutations = 0, 
[Q, [v tl (xi),u (T (x2)]] + cyclic permutations = 0. 

We have a result similar to the first theorem of this Section: 



(4.33) 



Theorem 4.5 The operator Q verifies Q 2 = 0. The factor space Ker(Q) / Ran(Q) is isomor- 
phic to the Fock space of particles of mass m and spin 2 (massive gravitons). 



Proof: (i) The fact that Q squares to zero follows easily from (14.3 ip . 

(ii) The generic form of a state \I/ G HS X > C Ji from the one-particle Hilbert subspace is 



f^(x)h^(x)+ / gW(x)u»(x) + / g®{x)u"{x)+ / h,(x)v^x) 



(4.34) 



with test functions , g^ , verifying the wave equation equation; we can also sup- 

pose that is symmetric. The condition ^ G Ker(Q) -<=>- Q^> = leads to = 

^ (d v — \ <9 M /) (where / = Tf v f^ is the trace of f^ v ) and gffl = i.e. the generic element 
* G H (1) n Ker(Q) is 



U„(x)h^(x)+ I 9)1 (xK(x) + - 
' m 



d u f, 



[IV 



2 M 



(x)v^(x) 



n 



(4.35) 



with g^ and f^ arbitrary so ^ G C\Ker(Q) is indexed by couples of test functions [f^, g^\. 
Now, a generic element ^' G fl Ran(Q) has the form 



~ J(d,gl + d u g',)(x)h^(x) + J (d»g 



1 [IV 



- a u o h , 

2 ^ 2 p 



{x)u^(x) 



n (4.36) 



with g' = if" g' so if ^ G DiiCer(Q) is indexed by the couple [f^, g p ] then ty+ty' is indexed 
by the couple [f^ - \ {d^g' v + d v g^), g^ + - \ d^g' - fh'^)] . If we take h'^ conveniently 

we can make g^ = and if we take g' convenient we can make d v f^ u = 0. We still have the 
freedom to change f^ u — > f^ — \ (d^gl + d v g' ) with transverse functions d^g'^ = without 
affecting the property d v ' f^ v = 0. It remains to prove that the sesquilinear form < •, • > induces 
a positively defined form on (flS 1 ' fl Ker(Q)) /(TC^ 1 ' fl Ran(Q)) and we have obtained a direct 
sum of the one-particle Hilbert space for the graviton of mass m (i.e. a particle of mass m and 
helicity 2) and a scalar particle of the same mass m. 

(iii) The extension of this argument to the nth-particle space is done as in [12J using Kiinneth 
formula [2]. ■ 

Now we determine the cohomology of the operator dg — [Q, •] induced by Q in the space of 
Wick polynomials. As before, it is convenient to use the formalism from the preceding Section. 
We consider that the (classical) fields y a are h^ u , u^, w M , of mass m and we consider the set V 
of polynomials in these fields and their derivatives. We introduce by convenience the notation: 



C M = d u h^ + mv^ 



(4.37) 
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and define the graded derivation dq on V according to 



dqh pv = -- {d^u v + d v u p - T)^ d p u p ), 

i ui 

dqu p = 0, dqu^ = % d Q v p = — u p 

[d O ,d M ]=0. (4.38) 

Then one can prove that dq = and the cohomology of this operator is isomorphic to the 
co homology of the preceding operator (denoted also by dq) and acting in the space of Wick 
monomials. To determine the cohomology of dq it is convenient to introduce the Riemann 
tensor R^ U]pcT as before and also 

</V = d^Vy + d v v p - r]^ u d p v p - m h pu 

= rT <t>^ (4.39) 

and observe that we also have 

dq^u = 0. (4.40) 

Then we construct new variables as in the massless case: (i) we express the variables = 
\{dfxV v + d u v p ), and d Ul . . -d Un v p (n > 2) through 4> pu ,h^ u and their derivatives; (ii) next, we 

express the derivatives <f) pu - pi ... Pn through the traceless parts 4>f) ;pi ... Pn , 4>f P \... Pn and C KPU _ yPn . 
(iii) Finally we express the variables: r W y lr .. !Vn and d\ x . . . d\ n R pU]pa in terms of the traceless 

parts rj™!,...,^, ^%<t;A 1 ,...,a„> <t>S;pi.-.pn,A..pnC^i,...,un and V [M- Now we can describe the 
cohomology of the operator dq in the massive case. 

Theorem 4.6 Let p G Zq. Then p is cohomologous to a polynomial in the traceless variables: 

- n -/ii/;p ( r;Ai,...,A„ UnU Y^Pl-Pn 1 9;pi~Pn 

Proof: (i) Is similar to the proof of theorem 14.31 We take V\ = Vq as in the statement of 
the theorem and V2 generated by the other variables. The graded derivation t) is defined in 
this case by: 

t)u p = — v p , W {pv} = ih pV) vu [liu] = — v [lMu] , 



= i ' /"/-i (» > 2) 

r, = ~i figi,...,^ (n > 0) (4.41) 



and it follows that 1) is a homotopy for dq restricted to P 2 so the the corresponding cohomology 
is trivial. 

According to Kiinneth formula if p is an arbitrary co-cycle from V it can be replaced by a 
cohomologous polynomial from Vq and this proves the theorem. ■ 

We note that in the case of null mass the operator dq raises the canonical dimension by one 
unit and this fact is not true anymore in the massive case. We are lead to another cohomology 
group. Let us take as the space of co-chains the space V^ 1 ' of polynomials of canonical dimen- 
sion uj < n; then Z Q n) C V {n) and B Q n) = d Q V {n ~ l) are the co-cycles and the co-boundaries 
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respectively. It is possible that a polynomial is a co-boundary as an element of V but not as 
an element of V^ n \ The situation is described by the following generalization of the preceding 
theorem. 

Theorem 4.7 Let p E Z Q n \ Then p is cohomologous to a polynomial of the form p\ + cLqP2 
where p\ E Vq and p 2 E . 

We will call the co-cycles of the type p\ (resp. 0IQP2) primary (resp. secondary) . 

5 The Relative Cohomology of the Operator (Iq 

A polynomial p EV verifying the relation 

d Q p = % dfjpf 1, (5.1) 

for some polynomials p p is called a relative co-cycle for dg. The expressions of the type 

p = d Q b + i d^V, (b, b p E V) (5.2) 

are relative co-cycles and are called relative co- boundaries. We denote by Zq 1 , Bq 1 and Hq the 
corresponding cohomological spaces. In (15. ip the expressions Pp are not unique. It is possible 
to choose them Lorentz covariant. 

Now we consider the framework and notations of the preceding Section in the case m = 0. 
Then we have the following result which describes the most general form of the self-interaction 
of the gravitons. Summation over the dummy indices is used everywhere. 

Theorem 5.1 Let T be a relative co-cycle for g?q which is as least tri-linear in the fields and 
is of canonical dimension U)(T) < 5 and ghost number gh(T) = 0. Then: (i) T is (relatively) 
cohomologous to a non-trivial co-cycle of the form: 

t = «(2 h w d p h uX d p h uX + 4 h vp d x h pv dph x - 4 h pX d p h up dph v x 
+2 h px d p h pX d p h - h w d p h d p h - 4 u p d v u x d p h uX 
+4 d p u v d v u x h pX + 4 d p u u d x u u h pX - 4 d u u u d p u x h pX ) (5.3) 

where /tel. 

(ii) The relation dqt = i dpt p is verified by: 

f = «(-2u" d u h pX d p h vX + u p d p h uX d p h vX - ~u» d p h d p h 

+4 u p d u h pX dpKx -2u p d p h uX dpKx + u p d p h d p h 
-4 d p u v d u h px h p x - 4 d p u v d x h pu h pX + 4 d x u p d p h up h uX 
+4 d v u v d p h px h p x - 2 d v u v d p h px h pX - 2 d p u x h pX d»h + d u u u h d^h 
-2 u p d v d p u p u u + 2 Up d p d a u a ?-2it'' d x u p d p u u 
+2 Up d x u p d p u x + 2 d p u p d x u p u x - 2 u p d p u x d p u x ) (5.4) 
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(Hi) The relation dqt^ 1 = i d v t pv is verified by: 

= k[2(-u» d x u p d p h vX + u p d x u p d p h vX + u p d p u x d v h pX + d p u p d x u p h vX ) 

-{H «-> v) + 4 dV d p u u h pX \. (5.5) 

(iv) The relation dQt pu = i d p t liup is verified by: 

t pvp = k[2u x d x u p vT - Up {d p u x d x u v - d v u x d x u p ) + circular perm.] (5.6) 

and we have dQt pvp = 0. 

(v) The co-cycles £, and t pup are non-trivial and invariant with respect to parity. 

Proof: (i) By hypothesis we have 

d Q T = i dpT p . (5.7) 

If we apply rfg we obtain d^dQ T p = so with the Poincare lemma there must exist the 
polynomials T pu antisymmetric in u, v such that 

d Q T p = % d u T p r (5.8) 

Continuing in the same way we find T Miyp , T pvpa which are completely antisymmetric and we 
also have 

d Q T pu = i d p T pvp 
d Q T pup = i d a T pvp ° 

d Q T pvpa = 0. (5.9) 

According to a theorem proved in [12] can choose the expressions T 1 to be Lorentz covariant; 
we also have 

9KT 1 ) = (5.10) 
From the last relation we find, using Theorem 14.31 that 

T pvp(T = d Q B pvpu + T pupa (5.11) 

with Tq VP(J G Vq 5 ^ and we can choose the expressions B pupa and Tq VP<j completely antisymmetric. 
The generic form of Tq VP<j is: 

T pvpa = a u p u v u p u a (5.12) 

with a a constant. If we substitute the expression obtained for T pupu in the second relation 
(15.91) we find out 

d Q (T pvp - i d a B pvpu ) = i d a T pupa (5.13) 
so the expression in the right hand side must be a co-boundary: we use systematically 

d a Up = U/jp + u {a p } = u a p + i d Q h a p (5.14) 
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and find out 

d a T pvpa = a{u ap u u u p + u av u p u p + u ap u p u v ) u a + d Q {- ■ ■) (5.15) 
and we obtain a = 0. It follows that 

and 

d Q {T pvp - i d a B pvpa ) = (5.17) 
We apply again Theorem 14.31 and obtain 

T pup = d Q B pvp + z + T pvp (5. 18) 

where e 'Pq 5 '' and we can choose the expressions B w and T^ vp completely antisymmetric. 
The generic form of Tq UP is: 

T pup = a u p u v u p + a x [u p u px u\ + u p u vX u p x + u v u px u p x ) 

+a 2 u x (u xp u pv + u Xp u vp + u Xv u pp ) + a' t pupa u aa u af3 u p . (5.19) 

We substitute the expression T pup into the first relation (15.91) and obtain 

d Q (T pv - % d p B pvp ) = i d p T pvp . (5.20) 

The right hand side must be a co-boundary. If we compute the divergence d p TQ Up and impose 
that it is a co-boundary we obtain a = a' = and no constraints on aj (j = 1, 2) so apparently 
we have two possible solutions, namely the corresponding polynomials Tq? p (j = 1, 2) from the 
expression of T pup . However, let us define 

b pvpu = A u pv u p u a 

where A performs antisymmetrization in all indices. Then it is not hard to obtain that 

d ^upa = _ 1 T gp _ 1 T pup + ^pup 

where we can choose the expression b pup completely antisymmetric. It follows that if we modify 
conveniently the expressions B pvpu and B pvp we make a\ — > a± + 2 c, a 2 — > a 2 + c with c 
arbitrary. In particular we can arrange such that a± = a 2 = 2 k (this is the choice made in |14j). 
In this case one can prove rather easily that T§ up = t pup + dg(- ■ •) where t M ^ p is the expression 
from the statement. It follows that one can exhibit T pvp in the following form: 

T pvp = t pu P + dqB ^ P + i dffB i^fXT ( 5 21 ) 

Now one proves by direct computation that 

d p t pvp = -i d Q t pu (5.22) 
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where t^ u is the expression from the statement so we obtain 

d Q (T^ d p B^ p ) = 0. (5.23) 

(ii) We use again Theorem I4.3I and obtain 

where Tq U G and we can choose the expressions B^ v and Tq V antisymmetric. The generic 
form of the expression Tq V is: 

= bu p u a R^ V 'P° + b' ^ vpry u a vP Rfl >a/3 ; (5.25) 

the monomials u p u a R^W' 1 " 7 and e^ 9 " u a u 13 R^,. a p can be eliminated if we use the following 
consequence of the Bianchi identity: 

+ *2U + R ^ P = • •) ( 5 - 26 ) 

and redefine the expression We substitute the expression of T^ u in (15. 8p and get: 

d Q (T" - % d u B^) = % d u (Tg u + iT). (5.27) 
But one proves by direct computation that we have 

d p t^ = -i d Q f (5.28) 
where t M is the expression from the statement so the preceding relation becomes 

d Q (T» -V-i d v B^) = i d v Tg v . (5.29) 
The right hand side must be a co-boundary and one easily obtains that b = b' = so we have: 

do(T" - #* - % d v B» v ) = 0. (5.30) 

(iii) Now it is again time we use Theorem 14.31 and obtain 

= + dgB" + i d v B» v + Tq (5.31) 
where Tq e Vf \ But there are no such expression i.e. Ttf = and we have 

T p = t p + d Q B p + i d u B pu . (5.32) 

Now we get from (15.7P 

d Q (T - i d^) = i d^ . (5.33) 
But we obtain by direct computation that we have 

dpf = -i d Q t (5.34) 
32 



where t is the expression from the statement so the preceding relation becomes 



d Q (T - t - % d^B") = (5.35) 

so a last use of Theorem 14.31 gives 

T = t + d Q B + i d^B p + T (5.36) 
where T G Vq 5 \ But there are no such expression i.e. T = and we have 

T = t + d Q B + i d^B p (5.37) 

i.e. we have obtained the first four assertions from the statement. 

(v) We prove now that t from the statement is not a trivial (relative) co-cycle. Indeed, if 
this would be true i.e. t = dqB + i d^B^ then we get c^(i M — dqB p ) = so with Poincare lemma 
we have t 1 * = dqB p + i d v B^ muv . In the same way we obtain from here: t^ u = dqB^ + i d p B^ up 
and t pvp = dQB pvp + % d a B pvpa But it is easy to see that there is no such an expression B^ upa 
with the desired antisymmetry property in ghost number 4 so we have in fact t^ ua = dqB^ '. 
This relation contradicts the fact that t^ ua is a non-trivial co-cycle for g?q as it follows from 
Theorem 14.31 The invariance with respect to parity invariance is obvious. ■ 

If T is bi-linear in the fields we cannot use the Poincare lemma but we can make a direct 
analysis. The result is the following. 

Theorem 5.2 Let T be a relative co cycle for dQ which is bi-linear in the fields, of canonical 
dimension u>(T) < 5 and ghost number gh{T) = 0. Then: (i) T is (relatively) cohomologous to 
an expression of the form: 

t = k' (-2 hp, + h 2 - 4u M u^) (5.38) 
(ii) The relation dqt = i d^ is verified with 

tf* = 4 «' u v h pv (5.39) 

and we also have 

d Q tP = 2m' [u„ d"u v + d v (A")]. (5.40) 

Proof: The cases o>(T) = 3,5 are not possible on grounds of Lorentz covariance. The cases 
o>(T) = 2,4 must be investigated starting from a general ansatz and the solution from the 
statement emerges. ■ 

All linear solutions of this problem are trivial. Now we extend this result to the case m > 0. 

Theorem 5.3 Let T m be a relative co cycle for dQ which is as least tri-linear in the fields and 
is of canonical dimension uj{T m ) < 5 and ghost number gh{T m ) = 0. Then: (i) T m is (relatively) 
cohomologous to a non-trivial co-cycle of the form: 



~t"fn — I f^j 



m 2 ( 1 br h vp v - br v h + h 3 

+4 m u p d p v x m a - 4 d p v a d x v a h pX 



(5.41) 
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where t is the expression from the preceding theorem, 
(ii) The relation d,Qt m = i d^t 1 ^ is verified by: 



~ tfJ- "I" K 



4u p d p v x d p v x - 2u p d p v x d p v x + 4m(^ d p v x h px - u p d p v x h px ) 

1 



-m 



2 u p ( h pa h pu - -h 2 



2 



(5.42) 



where t p is the expression from the preceding theorem. 
(Hi) The relation dgtf^ = i d u tt% is verified by: 



tZ = tT + 2 nm(v p u u - v v u p ) d p u p (5.43) 

where t pv is the expression from the preceding theorem. 

(iv) The relation dqtf^ = i d p t p ^ p is verified by: 

tZ P = t pvp - 2 «mV u v u p (5.44) 

where t pvp is the expression from the preceding theorem. We also have dQtf^ p = 0. 

(v) The co-cycles t m , t^,t^ and t^ p are non-trivial, parity invariant and have smooth limit 
for m \ 0. 

Proof: (i) As in the preceding theorem we can prove that we must have 

d Q T m = % d p T p . (5.45) 

and 

^Q^ra = i ^v^m l 

W = % d p T^ p 
d Q T^ vp = i d a T% pa 

d Q T% p ° = 0. (5.46) 

According to a theorem proved in [12] can choose the expressions to be Lorentz covariant; 
we also have 

9KTL) = (5-47) 
From the last relation we find, using Theorem 14.71 that 

T%<" = d Q B pvpu + T p 2 a (5-48) 

with T P Z° e Vf and we can choose the expressions B pvpa and T^^f 7 completely antisymmetric. 
The generic form of TJ^f 7 is the same as in the preceding theorem and if we substitute the 
expression obtained for T pupcr in the third relation (15.461) we find out as there that a = 0. It 
follows that 

T pupa = d Q B pupa (5.49) 
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and 

d Q (T^ p -id a B^) = (5.50) 
We apply again Theorem 14.71 and obtain 

T%" = B" vp + i d a B^ pa + Tgf (5.51) 

where TJ^f e and we can choose the expressions B pvp and TJ^f completely antisymmetric. 
The generic form of Tq 1 ^ is: 

T p ^ = T ^ p + ci u p u u u p + c 2 {u p u v cj) px + u v u" <p px + u p u p <^ A ) u x (5.52) 

where T§ vp is the expression (I5.19P from the massless case with a = (the corresponding term 
is a secondary co-cycles). We substitute the expression T pvp into the first relation (I5.46P and 
obtain 

d Q {T pv - i d p B pup ) = i d p T pvp . (5.53) 

The right hand side must be a co-boundary. If we compute the divergence dpT^ and impose 
that it is a co-boundary we obtain immediately Cj — (J — 1, 2) and a' = so Tq VP is given 
by the same expression as in the massless case and we also can take aj = 2 k (j = 1, 2) as we 
have argued there. 

In this case one can prove rather easily that = t^+dq^- ■ ■) where t^ p is the expression 
from the statement. It follows that one can exhibit T^ p in the following form: 

T^ p = d Q B pvp + i d a B pvpu + tZ P (5.54) 

Now one proves by direct computation that 

d p tZ P = -i d Q C (5.55) 

where t!% is the expression from the statement. We substitute this expression in the second 
relation (I5.46P and obtain 

do(ir - C - i d p B p » p ) = 0. (5.56) 
(ii) We use again Theorem 14.61 and obtain 

?T = C + dgB" + i d p B^ p + Tg, (5.57) 

where Tq 1 ^ e Vq 5 ^ and we can choose the expressions B pu and T$ v m antisymmetric. The generic 
form of the expression T^ v m is the same as in the massless case T^ v m = T^ v so we obtain from 
the first relation in (15.461) : 

d Q (T p - i d u B p n = i d v {T<? + O (5-58) 
But one proves by direct computation that we have 

d p tZ = -i d Q C (5.59) 
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where is the expression from the statement so the preceding relation becomes 

d Q (T£ - C - i duB» v ) = % d v T» v . (5.60) 

The right hand side must be a co-boundary and one obtains as in the massless case Tq V = so 
we have: 

T% = C + d Q B ^ + 1 d p B ^ P ( 5 - 61 ) 

and 

dqiT^-t^-i d v B^) = 0. (5.62) 
(iii) Now it is again time we use Theorem 14.61 and obtain 

2£ = C + d Q B» + i d v B^ + T» m (5.63) 
where Tq e The generic form of such expression is 

T % = d x u» 2 + d 2 u» <P pa <P PCT + d 3 u v <jT <f) + d A u a <P pa (5.64) 
and we have from the relation (15.451) 

d Q {T m - i d v B^) = i (<iX + dXJ (5-65) 
so the right hand side must be a co-boundary. But one proves by direct computation that 

dptm = ~i d Q t m (5.66) 
where t m is the expression from the statement so the preceding relation becomes 

d Q (T m -t m -i d p B^) = i d p T^ m (5.67) 

so the expression rf M T^ m must be a co-boundary. By direct computation we obtain from this 
condition dj = (j = 1, . . . , 4) i.e. T^ m = 0. It follows that 

T£ l = t^ + d Q B» + id v B^ (5.68) 

and 

d Q (T m -t m -id ll B' t ) = (5.69) 

so a last use of Theorem 14.61 gives 

T m = t m + d Q B + id ll B' t + T 0tm (5.70) 
where T 0im G Vq 5 \ But there are no such expression i.e. T 0im = and we have 

T m = t m + d Q B + id p B» (5.71) 

i.e. we have obtained the first four assertions from the statement. 

(v) We prove now that t m from the statement is not a trivial (relative) co-cycle as in the 
massless case. Parity invariance and the existence of a smooth limit m \ are obvious. ■ 

If T m is bi-linear in the fields we cannot use the Poincare lemma but we can make a direct 
analysis as in the massless case. The result is the following. 
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Theorem 5.4 Let T m be a relative co-cycle for oIq which is bi-linear in the fields, of canonical 
dimension u(T m ) < 5 and ghost number gh(T m ) = 0. Then: (i) T m is (relatively) cohomologous 
to an expression of the form: 

t m = k' (-2 V hT + h 2 - A Ufl u p + Av„ v") (5.72) 

(ii) The expression coincides with the expression from the massless case. 

6 Gauge Invariance and Renormalization in the Second 
Order of Perturbation Theory 

In the same way one can analyze the descent equations f!3.28j) and study the form of the 
anomalies in the second order of perturbation theory 

Theorem 6.1 In the massless case the second order chronological products can be chosen such 
that the expression W 1 from theorem IJ.il are 

W = 0, W» = = (6.1) 

and 

W pup = d Q B pup (6.2) 

with the expression B pvp completely antisymmetric and constrained by the conditions uj(B pup ) < 
6 and gh{B pvp ) = 4. 

Proof: We will need the relations (13.281) in which we prefer to change some signs W p — > 
-W, W pv -> -W pv i.e. 

d Q W = i d^W, d Q W p = % d u W pu } d Q W pu = id p W pup } d Q W pup = (6.3) 

and we also have from (12.261) the bound uoiW 1 ) < 7. Moreover, the parity invariance obtained 
in theorem 14.31 can be used to prove that the polynomials W 1 are also parity invariant, 
(i) From the last relation (I6.3P and theorem 14.31 we obtain: 

W pup = d Q B pup + W pup (6.4) 

with W^ p and we can choose the expressions B pvp and Wq VP completely antisymmetric. 

The generic form of Wq VP is: 

W£ up = a x {u px u v u p + u uX u p u p + u px u p u v ) u x 
+a 2 {vT u px + u up u px + u pp u vX ) it Act u a 
+a 3 (u px u\ u pa + u uX u p x vT + u px u p \ u ua ) u a 

+a 4 (u px u ua u p + u vX u pa u p + u px u pa u v ) u Xr7 (6.5) 
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with a,j G K (j = 1,...,4). We denote by Tj (J = 1,...,4) the polynomials multiplied by 
cij (j = 1, . . . ,4) respectively. If we define the completely antisymmetric expressions 

ywpe = ut x u u uP u a 

b pupa = (u^ x u\ u p + u uX u p x u p + u px u» x u v ) u a 
+u aX {u p x u p u v + u\ u p u p + u p x u u u") 
6f pu = (vT u px + u vp u» x + M wt u vX ) u a U\ 

+ {u» a u uX u p + u va u px u^ 1 + u pa u px u v ) U\ (6.6) 
then it is not hard to obtain that 

dxr a = -Tr p + d Q b pup 

d a b^ pa = -T^ p + d Q b pvp 
d a b^ pa = Tf p - Tf p + Tl up + d Q b pvp (6.7) 

where we can choose the expressions b^ up (j = 1, ... ,3) completely antisymmetric. It follows 
that we can rewrite (16 .4p in the form 

W^p = d Q B^ p + i d a B pvpa + Wf" (6.8) 

where in the expression of Wq UP we can make = 0. We substitute the preceding 

expression in the third relation (16.31) and get 

d Q {W pv - % d p B^ p ) = 1 d p Wr (6.9) 

so the right hand side must be a co-boundary. From this condition we easily find 02 = so in 
fact we can take T^ up = It follows that one can exhibit W pvp in the following form: 

W^ p = d Q B^ p + i d a B pvpa (6.10) 

and we also have 

d Q (W pu - i dpB^f) = 0. (6.11) 
(ii) We use again Theorem 14.31 and obtain 

W pu = d Q B pv + i d p B pvp + W pu (6. 12) 

where W pu G T>jp and we can choose the expressions B^ u and W(f v antisymmetric. The generic 
form of the expression Wq V is: 

W£ u = 61 (u w u v - u up u") u p + b 2 u» p u uX u pX + b 3 rWw*? Uap U(3 u p 
+64 {R^ pp ' al3 u v - R®>r><# u p ) u aP u p + 65 (R^ ma/3 u% - R^^ u%) u a (6.13) 

many other possible expressions can be eliminated, or reduced to these above if we use Bianchi 
identity. We denote by Tj (j = 1,...,5) the polynomials multiplied by bj (j = 1,...,5) 
respectively. If we define the completely antisymmetric expressions 

6f p = u p u v u p 

b^ p = (i?(°)^ u p + R^>p^ u p + B^ )maP u v ) u a u p (6.14) 
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we easily obtain that 



d p b^ p = If - 2Tg v - Tf + d Q b^ (6.15) 



where we can choose the expressions b pv (j = 1, ... ,3) antisymmetric. It follows that if we 
redefine the expressions B pvp and from (I6.12p we can make b\ = 64 = in Wq V . We 
substitute the expression of W pv in the second relation (16.31) and get: 

d Q (W p - 1 d u B^) = 1 d u W pv (6.16) 

so the right hand side must be a co-boundary. One easily obtains that 63 = b 5 = so we are 
left with one nontrivial co-cycle corresponding to b = 62 : 

Wg v = b u" p u uX Up\. (6.17) 

Now one proves immediately that 

= -i d Q U p (6.18) 

where 

= b \d p hT u uX u px + ~ d x h u w Up\ + dxK P u w u uX ^j (6.19) 

and we have 

d Q (W" -U»-i d v B^) = 0. (6.20) 
(iii) Now it is again time we use Theorem 14.31 and obtain 

W» = U» + d Q B p + 1 d u B pu + W£ (6.21) 

where Wq G Pq . The generic form of such an expression is: 

= a vT u v + c 2 #(°)^ UaP u v - (6.22) 

we denote by 7) (j = 1, 2) the polynomials multiplied by Cj (j = 1, 2). However let us consider 
the antisymmetric expressions 



6f 



= RWwap UaUf3 (6 23 ) 

and we have 

4&f = -Tf + d Q b>i 

d v b% = T£ + d Q b% (6.24) 

so if we redefine the expressions B pv and B p from (16.221) we can make c\ = c<i = i.e. Wq = 0. 
As a consequence we have: 

W p = U P + d Q B» + 1 d v B pv . (6.25) 
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Now we get from the first equation (16. 3p 

d Q (W - i d^B") = i d^U" (6.26) 

so the right hand side must be a co-boundary. One can prove that this is not possible so we 
must have 6 = i.e. U p = 0. As a consequence we have 

W» = dqB" + i d v B» v (6.27) 

and 

d Q (W - % dpB*) = (6.28) 

so a last use of Theorem 14.31 gives 

W = d Q B + i d^B" + W (6.29) 

(7) 

where W eVq . But there are no such expression i.e. W = and we have 

W = d Q B + % d^. (6.30) 

Now we use finite renormalizations to eliminate the expressions B 1 (|/| < 3) as in the end 
of theorem 13.11 and end up with the expression from the statement. ■ 

Remark 6.2 (i) One can extend the preceding result to the massive case also. The compli- 
cations are only of technical nature: more terms can appear in the generic expressions of the 
expressions Wq 1 but they eventually are eliminated. 

(ii) The preceding proof stays true if we do not use parity invariance: as in the preceding 
remark, more terms can appear in the expressions Wq 1 . 

(Hi) We cannot eliminate B^ upa by finite renormalizations. 

(iv) In higher orders of perturbation theory some expressions of the type Wq 1 will survive the 
algebraic machinery we have used and new ideas are needed to eliminate them. 

We have reduced the gauge invariance problem in the second order to a much simple compu- 
tation namely of the anomaly Aj where the expression W fiup do appear. But we have 

Theorem 6.3 The anomaly A 7 can be eliminated by finite renormalizations. 

Proof: We consider the massless case. The standard procedure is to show by direct computa- 
tion that 

[t» vp {x x ), t°(x 2 )] = A^ixu x 2 ) drD Q {x x - x 2 ) + A^ a (x 1 ,x 2 ) d a d a D ( Xl - x 2 ) + ■ ■ ■ (6.31) 

where by • • • we mean terms for which the index a does not act on the Pauli- Jordan distribution. 
If we transform this distribution in the corresponding Feynman propagator Dq we obtain in 
the left hand side of the relation (I3.9P an anomaly of the form: 

A^ up] (xi,x 2 ) = 6(x 2 -xi) A^( Xl ,x 2 ) + [d a 5(x 2 -x 1 )\ A^ a {x u x 2 ). (6.32) 
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Now we make simple computation to put the preceding expression in the standard form (13. 52ft : 

A^ vp \x x ,x 2 ) = 5{x 2 - Xl ) W» vp {x x ) + d a 5{x 2 - Xl ) W pup ' Q { Xl ). (6.33) 

The second term can be eliminated by a finite renormalization of the chronological products 
T(T^(x 1 ),T a (x 2 )) of the type (13361) . Now the only thing to prove is that the first term is a 
co-boundary: 

W pup = d Q B pup (6.34) 

and we can eliminate it by a redefinition of the chronological products T(T^ up ^(xi), T(x 2 )). 

Finally one can prove that in the massive case no new contributions to the anomaly Aj do 
appear. ■ 

We now turn to the renormalization problem for the second order of the perturbation theory. 
We have the following result: 

Theorem 6.4 In the massless case the finite renormalizations for the second order chronolog- 
ical products are of the form 

R 1 = t' + d Q B l + i df,B Ifl (6.35) 

where t' has the same form as the interaction Lagrangian t from theorem \5.1\ (but with a different 
overall constant) and can be eliminated by a redefinition of the gravitational coupling k. The 
rest of the terms can be eliminated by finite renormalizations of the chronological products. In 
the massive case the contribution 

Ro = ri ^ + r 2 <P + r 3 0$ 0$ 0<«% (6.36) 

of R? cannot be eliminated. 

Proof: According to (12.431) we have the following descent procedure: 

d Q R = i d^R p . 
d Q R p = i d u R pu . 
dqET = i d p R pvp 
d Q R» up = i d a R pvpa 

d Q R pvpa = (6.37) 

and we have the limitations ^(R 1 ) < 6, gh(R T ) = \I\ and also the expressions T 1 are Lorentz 
covariant. We consider only the case u^R 1 ) = 6 because the case u(R r ) < 5 has been covered 
by theorem 15.11 

From the last relation we find, using Theorem 14.31 that 

with Rq VP ° G Vq 6 ^ and we can choose the expressions B pupa and Rq UP<j completely antisymmet- 
ric. The generic form of Rq V(XT is: 

R^ pa = at {vT u px u a + ---) + a 2 (u px u\ u p u a + ■■•) + a' e pupCT u aP u aj up v? (6.39) 
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where by • • • we mean the rest of the terms needed to make the expression completely antisym- 
metric. We denote by Rj (j = 1,2) the polynomials multiplied by a,- (j = 1,2) respectively. 
We define the completely antisymmetric expression 

which must be obviously null. On the other hand we have 

d x b pvpaX = P<T + 2R pu pa + d Q b pupa 

where we can take b p,vpa completely antisymmetric. In other words we have proved that 

Rl u pa - 2R% vpa = d Q b pvpa (6.41) 

and this relation can be used to make a\ = in the expression of Rq UP<7 . We substitute the 
expression of R^ vpu in the fourth relation (16.31) and get 

d Q (R pup - % d a B pvp(J ) = i d a R pV(XT (6.42) 



so the right hand side must be a co-boundary. From this condition we easily find a2 = a' = 



so in fact we can take Rq UP(J = 0. It follows that one can exhibit R pupa in the following form: 



RT" = d Q B pvpa (6.43) 

and we also have 

d Q (Rr p - i d a B pvpa ) = 0. (6.44) 
(ii) We use again Theorem 14.31 and obtain 

WP = d Q B pup + % d a B pvpu + R pup (6.45) 

where Rq VO G and we can choose the expressions B pup and Rq VP completely antisymmetric. 
The generic form of the expression Rq UP is: 

R pua = b (u p R<.°>*°0 + u v rWp*'* + u p R^^) Ua up] (6.46) 

other possible expressions can be eliminated, or reduced to this above if we use Bianchi identity. 
We substitute the expression of R pvp in the third relation (I6.37j) and get: 

d Q [R pv -id p B pup ) = id p R pup (6.47) 

so the right hand side must be a co-boundary. One easily obtains that b = so we have 

BTP = d Q B pup + i d a B pUfXT (6.48) 



Rq UP = 0. This means that 



and we have 

d Q (R pu - 1 d p B pvp ) = 0. (6.49) 
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(iii) Now it is again time to use Theorem 14.31 and obtain 

BT = d Q B^ + id p B^ p + R Q LU (6.50) 

where Rq G and we can take the expressions B pu and Rq V antisymmetric. But there is no 
such an expression Rq V i.e. we have Rq V = and it follows that 

RT = d Q B pu + i d p B pup . (6.51) 

We substitute this in the second relation (16.371) and we obtain 

d Q {R» - i d v B pv ) = 0. (6.52) 

(iv) Once more we use theorem 14.31 and get 

= d Q B p + i d v B pv + B%. (6.53) 
with i?Q G V^; but there is no such an expression i.e. we have Rq = so in fact: 

R* = d Q B p + i d u B» v . (6.54) 
We substitute this in the first relation (I6.37P and we obtain 

d Q (R-id fX B> i )=0. (6.55) 

(v) A last use of Theorem 14.31 gives 

R = d Q B + i d p B p + R (6.56) 

(7) 

where Rq G Vq . But there are no such expression i.e. Rq = and we have 

R = d Q B + i d p B p (6.57) 

and this finishes the massless case. The massive case brings some new terms in R which survive 
and are given in the statement. ■ 

Remark 6.5 (i) The expression \6.J^1 ) is another example of a non-trivial element from Vq H 
Bq- 

(ii) In higher orders we can have, even in the massless case, expressions Rq which cannot 
be eliminated by the descent procedure. 
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7 The Interaction of Gravity with other Quantum Fields 



In [12] we have given the generic structure of the interaction between a system of Yang-Mills 
fields (particles of spin 1 and mass m > 0) with "matter" fields i.e scalar fields of spin and 
Dirac fields of spin 1/2. In this Section we add the interaction with massless gravitons. 

First we remind the results from [12] . We take I = I\ U I 2 U I3 a set of indices and for any 
index we take a quadruple (v%, u a , u a , $ a ), a e I of fields with the following conventions: (a) 
the first entry are vector fields and the last three ones are scalar fields; (b) the fields v£, $ a 
are obeying Bose statistics and the fields u a , u a are obeying Fermi statistics; (c) For a 6 I\ 
we impose $ a = and we take the masses to be null m a = 0; (d) For a e I 2 we take the all 
the masses strictly positive: m a > 0; (e) For a 6 I 3 we take v%,u a ,u a to be null and the fields 
$ a = <f>H of mass > 0; The fields u a , u a , a 6 I\ U I2 an d $ a a & I 2 are called <?/iost /ieWs 
and the fields 0^, a <E I3 are called i/agg's fields; (f) we include matter fields also i.e some 
set of Dirac fields with Fermi statistics: ^>a, A £ ^4; (g) we consider that the Hilbert space is 
generated by all these fields applied on the vacuum and define in Ti the operator Q according 
to the following formulas for all indices a e / : 



and 



[Q,vZ] = id"u>a, [Q,u a } = 0, 

[Q, U a ] = ~i (<9X + &a) [Q, $o] = * ™a «a, (7.1) 

[Q,*a]=0, (7.2) 

Qfi = 0. (7.3) 

Here [-, •] is the graded commutator. In [T4] we have determined the most general interaction 
between these fields in theorem 6.1: 

Theorem 7.1 Let T be a relative co-cycle for dQ which is as least tri-linear in the fields and 
is of canonical dimension to(T) < 4 and ghost number gh(T) = 0. Then: (i) T is (relatively) 
cohomologous to a non-trivial co-cycle of the form: 



tYM = fabc ( ^ V afJl V hv F U / + U a V% d^U c 



2 

+fabc(®a <Pb V CIX + Ul b $ a U b U c ) 

+ ^ fabc $a ®b $c + ^ Yl 9abcd $a $6 $c $d + R V ^ + Ja $a ( 7 - 4 ) 

a,b,c,d£l3 

where we make the following conventions: f a bc — if one of the indices is in 1%; f' abc = if 
c £ I3 or one of the indices a and b are from Ji; j£ = if a G I3; j a = if a E I±. Moreover we 
have: 

(a) The constants f a bc ore completely antisymmetric 

fabc = f[abc]- (7-5) 
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(b) The expressions f' abc are antisymmetric in the indices a and b: 

fabc = ~fbac (7-6) 

and are connected to f a bc by: 

fabc m c = f' cab m a - f' cba m b . (7.7) 

(c) The (completely symmetric) expressions f" bc = f'L bc \ verify 

Lbc I -£ ^ 2 for a,cel 2 ,be h. V*> 

(d) the expressions j% and j a are bi-linear in the Fermi matter fields: in tensor notations; 

Jo 1 = K ® 7 M 7eV> Ja = M ® 7eV> (7.9) 

where for every e = ± we have defined the chiral projectors of the algebra of Dirac matrices 
7 e = | (J + e 75) and t e a , s a are x |/ 4 | matrices; the summation over e = ± is assumed. If 
M is the mass matrix Mab = Sab Ma then we must have 

d& = m a Ja & m a s e a = i(M t a - C M) (VaG/iU J 2 .) (7.10) 

(ii) The relation dqt Y M = i d fl t YM ^ s verified by: 

t YM = fabc (u a V bu - ^U a U b d P u)j + f' abc $ a $ U c + # M a (7.11) 

fmj The relation dqt YM = i d v ty M is verified by: 

t^ M = ±f abcUa u b Fr. (7.12) 

(iv) The constants f a bc f' a bci f'abc an< ^ 9abcd o.re real and the matrices t a , s a are Hermitean. 

Now we extend the argument including massless gravitation. We include in the set of fields 
generating the Hilbert space TC the fields h^, u p , u a the first one being a tensor fields with 
Bose statistics and the last are vector fields with Fermi statistics. We also extend the definition 
of the gauge charge Q given by (17.11) with 

[Q, hpv] = -~ {dpUv + dvUft, - r]^d p u p ), [Q, u^] = 0, [Q, u M ] = i d u h fiu (7.13) 

and we can easily generalize theorem l4.1l and the corresponding result for the Yang-Mills system 
from [12]: the Fock space describes in this case massless gravitons, spin and spin 1 particles. 
By definition the ghost number is the sum of the ghost numbers of the YM and gravity sectors. 
We want to extend the preceding theorem to this more general case. For simplicity we treat 
here only the case of massless Yang-Mills fields i.e. we take in the general scheme from above 
Ii = 0. Beside the expression tyM given above and t g h determined in theorem 14.31 we need the 
interaction between the two sets of fields (Yang- Mills and gravitational). The result is described 
in the following: 
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Theorem 7.2 Suppose that the interaction Lagrangian T int is restricted by Lorentz covariance, 
is at least tri-linear in the fields and oj{T ult ) < 5, gh(T hlt ) = 0. We also suppose that I 2 = 0. 
Then: (i) T int is cohomologous to the expression 

tint = E f"» ( 4/ V K P K P ~ h F apa F b pa + 4^ d v u a FD 



a,beh 



+ E fed ( V d^ c d^ d - <±< h $ a $\ 



c,d£l 3 

+ V (d^ c £ <g> 7 "7 e ^ - V c £ <g> Y%d^). (7.14) 

Moreover we have 

(a) the constants f ab are symmetric f ab = f ba ] 

(b) the constants f' cd are symmetric f' cd = f' dc ; also if we denote by m the mass matrix of 
the scalar fields m c d = m c 5 cd , Vc, d <E I 3 it commutes with the matrix f' cd : 

[m,/']=0 (7.15) 

(c) the matrices c e verify 

c e M = Mc- e (7.16) 

where M is the mass matrix of the Dirac fields: Mab = Ma Sab, VA, B e Z4. 
(m,) TTie relation dqti nt = % d^ nt is verified by: 



a,beh 

+ E ^ (\ ^ d U ^c d»$ d - Up d»Q c d»$ d - m * + m b u » $ a 

-\u v c e <g> 7" 7e ^ - $ c e <g> Yled^) + (// <-> i/)] (7.17) 

and we also have 

dgC = 0. (7.18) 
(raj £/ie constants f ab and f' cd are real and we also have the Hermiticity property (c^ = c~ t . 

Proof: (i) By hypothesis we have 

d Q T- int = id,T^ t (7.19) 

and the descent procedure leads to 

rf Q T int = » d » T Z- 
d Q TZ = * d p TZ P 

d Q TZ P = i d a TZ P ° 

d Q TZ pa = (7.20) 
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and can choose the expressions Tf nt to be Lorentz covariant; we also have 

gh{T& = \I\,u>@L)<Z- ( 7 - 21 ) 



From the last relation we find, using Theorem 14.31 and the corresponding result from 
that 

T-Z pa = d Q B pvp(J + Tgg 7 (7.22) 

with TZ*q G and we can choose the expressions B pupa and TZ P q completely antisymmetric. 
The generic form of TZ P q is: 

T?z a = E /« u " uU uP u ° $ «- ( 7 - 23 ) 

If we substitute the expression obtained for TZ pa in the third relation (17.201) we find out 

d Q (TZ P - i d a B^) = i d a TZ P o (7.24) 

so the expression in the right hand side must be a co-boundary and we immediately obtain 
f a = 0. It follows that 

T-Z P<J = d Q B pvpa (7.25) 

and 

d Q {TZ P -id a B p » p °) = (7.26) 

so we obtain 

T/7 = B pvp + i d a B pvpa + TZ% (7.27) 

where TZ p G Vq 5 ^; we can choose the expressions B pvp and TZ p completely antisymmetric. The 
generic form of T^ vp has a two contributions: even and odd with respect to parity invariance. 
We do not give the generic form here but we give the result: the second relation (17.201) gives 

d Q {T-Z - i d p B^ p ) = i d p TZ P (7.28) 
so the right hand side must be a co-boundary and a direct computation gives that in fact 

TZ P = d Q B pvp + i d a B pvpa (7.29) 



T-Z p = 0. It follows that 



and 

d Q (TZ - i d p B^ p ) = 0. (7.30) 
(ii) We obtain from the preceding relation that 



TZ = d Q B pv + • d p B^ p + TZ fl (7.31) 
essi 

do not give the generic form of the expression TZq but we give the final result of this standard 



where TZ ^0 anc ^ we can choose the expressions B pv and TZo antisymmetric. Again we 
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computation: by conveniently modifying the expressions B 1 we can arrange such that T^ = 0. 
We substitute the expression of in the first relation (17.201) and get: 

d Q (T£ b -id u B"') = (7-32) 
(iii) Now it is again time we use known results and obtain 

TL = d Q B» + i d v B^ + T^ (7.33) 

where T£ t0 e \ Now we get from the first relation (17.201) 

d Q (T int - % d^) = % dpT&p (7.34) 

so the right hand side must be a co-boundary. If one writes the generic form of T^ t one gets 
after tedious computations that by modifying the expressions B 1 one can take 

^int.O = ^int (7.35) 

with t? nt the expression from the statement of the theorem. Because we have dqt irA = i d^ nt 
we get 

d Q (T- mt -t mt -id lM B») = Q (7.36) 

so known results leads to 

T in t = tint + d Q B + i d^B" + T int , (7.37) 
where T int o € Vq 5 ^ . But there are no such expression i.e. T intj o = and we have 

T in t = tint + d Q B + i d^B" (7.38) 

which is the final result. ■ 

Remark 7.3 (i) We note that we have obtained in a natural way the known expression of the 
energy-momentum tensor T^ u which is, up to a factor, the coefficient of W from the expression 
tint- However, there is a supplementary ghost term in the first line of the formula {1.1$ . This is 
due to the fact already explained in the Introduction: because we cannot impose in the quantum 
framework the Maxwell equation 

<9X = (7.39) 

the energy-momentum tensor 

^ ' ^ (7.40) 



T^ = £ f* (V *?, - V F apu FT) 



a,b€h 

does not verify anymore the divergenceless condition 

d IM T^ u = (7.41) 
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and without the extra ghost term in the first line of formula fi7.14\ ) we do not have gauge 
invariance. 

We note however that the ghost term from the first line of formula l[7.14\ ) gives a null 
contributions between physical states (described as in theorem \4J\) and this result propagates to 
all orders of perturbation theory. So it can be neglected in practical computations. 

(ii) There are other approaches to the quantization of the massless vector fields in which 
one can impose the condition d^vg = namely the so-called Coulomb gauge, but the price to 
pay is the loss of the manifest Lorentz covariance and the appearence of a non-local interaction 
term so Epstein- Glaser method cannot be implemented in this approach. 

(Hi) One can prove that there are no bi-linear solution for the interaction. 



8 Conclusions 

The cohomological methods presented in a previous paper [12] leads to the a simple under- 
standing of quantum gravity in lower orders of perturbation theory. If we use the consistency 
Wess-Zumino equations we can give simple proofs for the gauge invariance and renormalization 
in the second order of perturbation theory for the massless and massive pure gravity. 

The descent technique can be used to give the most general interaction including Yang-Mills 
fields (massless and massive), matter and massless gravity. In this paper we have considered 
only massless Yang-Mills fields and the general case will be treated in a forthcoming paper. 
Further restrictions follow from the cancellation of the anomalies in the second order of the 
perturbation theory. The analysis can be extended to the third order of perturbation theory 
and it will also be done elsewere. One should expect the appearance of the known gravitational 
anomaly (see for instance |21j.) 
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